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Abstract: The question of what happens when the heterotic 5*0(32) instanton 
becomes small was answered sometime back by Witten. The heterotic theory devel- 
ops an enhanced Sp{2k) gauge symmetry for k small instantons, besides the allowed 
SO (32) gauge symmetry. An interesting question now is to ask what happens when 
we take the large k limit. In this paper we argue that in some special cases, where 
Gauss' law allows the large k limit, the dynamics of the large k small instantons 
can be captured by a dual gravitational description. For the cases that we elaborate 
in this paper, the gravity duals are non-Kahler manifolds although in general they 
could be non-geometric. These small instantons are heterotic five-branes and the 
duahty allows us to study the strongly coupled field theories on these five-branes. 
We review and elaborate on some of the recent observations pointing towards this 
duahty, and argue that in certain cases the gauge/gravity duality may be understood 
as small instanton transitions under which the instantons smoothen out and conse- 
quently lose the Sp(2k) gauge symmetry. This may explain how branes disappear on 
the dual side and are replaced by fluxes. We analyse the torsion classes before and 
after the transitions, and discuss briefly how the ADHM sigma model and related 
vector bundles could be studied for these scenarios. 
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1. Introduction 

In the full moduli space of string theory, the heterotic theory has always been an 
important corner where phenomenologically useful models are most easily accessible. 
Part of its appeal lies in the existence of anomaly cancelling 50(32) or Eg x Eg vector 
bundle that is crucial for embedding standard model in string theory. The existence 
of a minimal supersymmetric multiplet is also an additional benefit. 

On the other hand type IIB theory has its own share of advantages. The non- 
abelian multiplet in this theory come from non-perturbative branes such that exactly 
similar physics, as from the heterotic theory, can be studied here using these branes. 
Additionally, type IIB theory has a full non-perturbative completion: the so-called 
F-theory where local and non-local branes participate to realise the quantum 
corrections. In fact the F-theory completion of type IIB theory is directly related to 
the heterotic theories. Thus various vacua of heterotic theories should be thought 
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of as duals to the various seven-brane configurations in F-theory compactified on 
Calabi-Yau spaces. 

In recent times gauge/gravity dualities have been studied exclusively in type II 
theories and especially in type IIB theory. The duality that we are most interested 
in IIB is the geometric transition 0, where the strongly coupled far IR dynamics 
of an A/" = 1 pure SYM theory is studied in terms of a weakly coupled type IIB 
supergravity on a deformed conifold with three-form fluxes. The far IR theory, on 
the other hand, is realised as type IIB D5-branes wrapped on the two-cycle of a 
resolved conifold. Thus this duality is a geometric transition where, under a conifold 
transition, the wrapped D5-branes disappear and are replaced by three-form fluxes 
on a deformed conifold. The type IIA dual of this in terms of D4- and NS5-branes 
was understood in [Q. 

Unfortunately similar dualities have not been addressed in details in the heterotic 
side. To our knowledge the first attempt to address this issue was done in p (see also 
[^] for a more recent analysis). The difficulty in the heterotic side lies in two things: 
understanding the vector bundles and solving the Bianchi identity. For example 
one would be tempted to realise the geometric transition in the heterotic theory by 
taking the S-dual of the original IIB transition i.e replacing the IIB D5-branes with 
the NS5-branes and interpreting the NS5-branes as heterotic five-branes. However 
it is not a-priori clear whether the dual deformed conifold geometry would indeed 
solve the Bianchi identity. Additionally, it is not clear how the vector bundles could 
be pulled across a conifold transition. 

In our earlier papers ^ we gave a local description of this duality^ Our local 



analysis reproduced a global configuration that was more general than a deformed 
conifold with fiuxes. In this paper we will show why this is true: the type IIB story 
cannot be directly dualised to the heterotic side. Bianchi identity will in fact change 
the IIB solutions, and so the heterotic duals will not quite be the same as the IIB 
ones. 



^By local we mean that the sugra background is studied around a specific chosen point in the 
internal six-dimensional space. For example we choose a point (ro, (6*^), {4>i), ("0)) in |20, |] which is 



away from the r = conifold point. This is because the full global picture was hard to construct, 
and any naive procedure always tends to lead to non-supersymmetric solutions. In deriving the 
local metric, we took a simpler model where all the spheres were replaced by tori with periodic 
coordinates {x,di) and (y, 02)- The coordinate z formed a non-trivial U{1) fibration over the 
base. Here {r,x,y,z, 01,62) is the coordinate of a point away from (ro, ((/ii), (02), (V")! (^i): (^2))- 
The replacement of spheres by two tori was directly motivated from the corresponding brane con- 
structions of where non-compact NS5 branes required the existence of tori instead of spheres 
in the T-dual picture. On the other hand the term global means roughly adding back the curvature, 
warping, etc., replacing tori by spheres, so that at the end of the day, we have a supersymmet- 
ric solution to the equations of motion. In [|o| we managed to provide the full global picture 
of geometric transition. Note also that the only known global solution, i.e before our work 
was unfortunately not supersymmetric (see for details) although it satisfied the type IIB 

EOMs. 
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In fact the precise duality in the heterotic side can be presented succinctly in the 
language of small instantons The large N limit of these small instantons can be 
captured by a dual gravitational background which is generically non-geometric. The 
interesting thing about our analysis is the observation that the geometric transition 
is a small instanton transition where the small instantons become "smooth" on the 
dual side and therefore lose the Sp{2N) gauge symmetry. This gives a possible 
explanation of the disappearance of the branes in the dual side. In this paper we 
will only work with the 5*0(32) heterotic theory and leave the Eg x Eg case for the 
sequel. The Eg x Eg case presumably follows similar path as illustrated in p. For 
earlier studies on small instanton transition, the reader may refer to ||^. 

The work in this paper is a direct followup of our last paper ||10[ where vari- 



ous supersymmetric duals in type II and M-theory were presented in the geometric 



transition set-up. However in [|T0| formal proofs for supersymmetry of the solutions, 
using say torsion classes, were not presented. In this paper we will rectify these 
short-comings and start with giving detailed torsion class analysis of all the type II 



solutions of |TU|. This will help us to state the heterotic duality in a more precise 
way. 

1.1 Supersymmetric configurations in geometric transitions 

The issue of supersymmetry for the intermediate configurations is of course crucial 
in the geometric transition set-up. We have discussed this in some details in [|To[] . 
Here we will elaborate the story a bit more, and new details will be presented in 
section 3. 

Our first configuration is in type IIB theory for wrapped D5-branes on a resolved 
conifold. The original construction of with a conformally Calabi-Yau metric, is 



not supersymmetric The supersymmetric configuration is given in |T0| where we put 
a non-Kahler metric on the resolved conifold. Our starting point in |10] is the choice 
of functions Fi = Fi{r), i = 1, 4 and Fq = Fq^t, 61,62) which are used to write the 
metric for the internal space. Therefore for different choices of Fq, Fi we get different 



dual gauge theories. The complete background in type IIB then is (see also JTU]): 



F^ = h cosh 13 e^'*'*d {e-^'^J) , H3 = -hF^sinh (5 e^'^d {e'^^J) , 0now = -0 

F5 = -^(1 + *)dAo A dx^ A dx^ A dx'^ A dx^, ds^ = Fodsl-^^23 + dsl 

2 

dsl = Fi dr^ + F2{dilj + cos 6id(f)i + cos ^2(^02)^ + F2+i{d6l + siii^6id^1) (1.1) 



i=l 



where we have defined 0, h and Aq using Fq and a constant "boosting" parameter /3 
in the following way: 

Focosh^/? Fo^^cosh/? 



h 



1 + F^sinh^/? ' Vl + F^sinh^/? 



3 



Aq = (F^ - l)tanh /3 



1 _ p2 

-^0 



P2 
-^0 



F2 
-^0 



;i.2) 



All the coefficients etc are also described in more details in [101. In sec. 3 we 



will compute all the torsion classes for this background, and discuss explicitly how 
supersymmetry is preserved. 

The above background is of course the ffist step in the chain of dualities associ- 
ated with IR geometric transitions. To go to the type IIA mirror description using 
SYZ method |]15| we need to make the base very large compared to the fibre. We 



achieve the final IIA mirror by making the following steps^: 

• Shift of the coordinates ('?/', 0i) using variables fiiOi). This shifting of the coordi- 
nates mixes non-trivially all the three isometry directions as described in eq (4.24) 
of [ITo]. 

• Shift the metric along ip direction by the variable e, as given in the second line of 
eq (4.29) of [|r^. This variable doesn't have to be very small in the global limit. The 
only constraint on e is e < 1 to preserve the signature of the metric. 

• Make SYZ transformations along the new shifted directions. Thus the three T- 
dualities are not made along the three original isometry directions. 

• In the new metric of IIA make a further rotation along the (^2, ^2) directions using 



a 2 X 2 matrix given as eq (4.50) of [0. The matrix is described using a constant 
angular variable ipo. 



Finally in the transformed metric convert to ip as in eq (4.53) of |10 



The final metric after we perform all the above transformations takes the following 
form: 



dip — h^rdr — h^0^d62 



0LF2 
A1A2 

-FAicos Q\ ( - b^^e^dOi - h^^rdr ) + A2C0S ^2Cos ipQ [ d(p2 - h^^e2d(^2 - h^^rdr 



del + 



b^^e^dOi - b^^rdr 



d92 + I d(p2 - &02 02'^^2 - b^^rdr 



1.3) 



+2aj0^02cos ipo 



dOidOi 



b^^eidOi - b^^rdr ){d(p2- b^^g^d92 - b^^rdr 



+2aj0^02sin (dcpi - b^^e^dOi - b^^rdr^d62 + (d(p2 - b^^g^d92 - b^^rdr^dOi 



The above metric, which we called the symmetric metric in |T0[, looks very close 
to the deformed conifold metric. However due to steps 2, 4 and 5 above, it is not 
guaranteed that the metric will preserve supersymmetry. Furthermore one might also 



^ These rules have been derived in the local limit in |20, ||. In [|T^ we have shown how in the 
global picture these rules could work. 
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question whether the SYZ operation itself could preserve supersymmetry^. Therefore 
to verify this we will evaluate all the torsion classes for this background in sec 3.2. 



Note that in [|T0| we didn't explicitly derive the fluxes in the mirror. In sec (3.2) 
we will be able to determine at least the NS three-form flux that will make the IIA 
mirror background supersymmetric. This will also help us to fix (/i, /2, e). 

Once we have the type IIA metric we can lift^ this to M-theory using the one- 
forms as given in eqs (4.47) and (4.48) of |TD[ respectively. The precise flop 
transformation of the M-theory manifold is described using a class of transformations 



specified by (a, b) as in eq (4.59) of |jTO[- The final metric after we reduce the flopped 
metric to type IIA is: 



Fodsli23 + Fidr 



2 , e2<A 



dip — h^^dx^ + Aicos di (^dcpi — h^^Q^ddi — b^-^rdr 



+A2COS 02 



+ e~a\k^G2 + kG^ + Gi) dOf + {d(pi - h^^e^dOi - h^^rdr)' 



2cj> . 



+ e-b\i2^G2 + 12G3 + Gi) dei + (c/02 - ^0202f^^2 - b^^rdry 
along with the following one-form charge, but no D6-brane sources: 



A = Aicos 9i (^d(f)i — b^^Q^dOi — b^-^rdr^ — A2C0S 62 (^c 



b^^o^d62 



b^^rdr 



;i-4) 



;i.5) 



A torsion class analysis in sec 3.2 will help us to fix a particular flop transformation 
i.e fix (a, b) so that the above background remains supersymmetric. Observe again 
that we haven't determined all the flux components in IIA. As before, we expect the 
torsion class analysis to fix at least the NS three-form. The three-form can then be 
fixed by EOM or supersymmetry constraints. 

In all the above steps we tried to make duality transformations so that we could 
get geometric manifolds. However this is not generic. For a more generic choice of the 
B-fields in the original type IIB set-up, we could get non-geometric manifolds both 
before and after flop in IIA. This non-geometric aspect is also reflected in the final 
type IIB mirror configuration. In fact this tells us that the generic solution spaces 
we get in type IIB are non-geometric manifolds. For certain choices of parameters 
(B-fields, and metric components) we can get geometric manifolds like Klebanov- 
Strassler or Maldacena-Nunez [|T7|. This is almost like the parameter space of 



2^ but now much bigger, and allowing both geometric and non-geometric manifolds 



that cover various branches of the dual gauge theories. 



^This is because it is not a priori clear whether the fermionic boundary conditions are periodic 
or anti-periodic along the T-duality circles. Sometime when the cycles degenerate we may need to 
put in an additional (—1)^ term to preserve susy. An example of this is given in the third reference 



of |33 



''^In pO[ | we lifted the non-symmetric type IIA metric to M-theory. This is more generic than the 
symmetric one. 
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To make this a little more precise, note that we have analysed the following two 
scenarios in [p!0| : 

• There are various ways to embed wrapped five-branes on a two-cycle in the internal 
space that preserve supersymmetry. For a given choice of (Fj,Fo,e) we can find the 
geometry and the fluxes that preserve supersymmetry (see the analysis in sec. 4 of 
pUfl). In the decoupling limit, this is the gauge theory side of the story. We called 
this the scenario before geometric transition. 

• For that particular choice of the background, we followed our duality arguments to 
give a background after geometric transition. We showed that for generic choices of 
the fluxes, the dual gravitational background become non-geometric. Therefore the 
fluxes and the geometry in the brane-side of the picture induce non-trivial operators 
in A/" = 1 gauge theory that make the dual gravitational background non-geometric. 

In this paper we will do an explicit computation to study a geometrical dual for 
the large N small instantons because this case will not be too hard to construct. A 
similar story was also pointed out in |jTO[. For example, if we deliberately restrict 
ourselves to the special case eq (4.71) of |T0[ i.e make the NS B-fields along (0i,02) 



and [ip, (pi) directions zero, then the geometric manifold we get has the following 
metric: 

ds" = F^c/s^ 1 2 3 + grrdr^ + g^^ (v^j + Ai P0i + A2 P^s) ' (1.6) 
+ge,e, [del + V4>i) + ge,e, [dOl + ©0^ j + g^^^^ {deide2 + A3 VcjyiVcj)^ 

which looks surprisingly close to the resolved warped-deformed conifold metric. A 
torsion class analysis can again be performed for this case (but we will not do so 
here) that will allow us to put constraints on the parameters from supersymmetry. 
This way all the intermediate configurations in the cycle of geometric transition will 
be supersymmetric. In our opinion this is probably the first time where explicit 
supersymmetric configurations for IR geometric transition in IIB, IIA and M-theory 
are studied. However our analysis also revealed the existence of a much bigger picture 
in the type IIB side where various gauge theory deformations lead to non-geometric 
duals. Our aim in this paper is to extend this further to the heterotic and type I 
cases. 

1.2 Organisation of the paper 

The paper is organised as follows. In section 2 we will give three pieces of evidence 
related to the heterotic gauge/gravity duality. Some of these have already appeared in 
0, but here we will elaborate them in the global picture. The first evidence, discussed 
in sec. 2.1, will come from taking the orientifold limits of the type IIB duality. The 
issue of vector bundles, before and after the transition, as well as the Bianchi identity 
will be discussed therein. This will be elaborated further in sec 2.2 where we will 
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briefly study the ADHM sigma model that captures the physics before the transition. 
A more direct analysis, using properties of the underlying non-Kahler manifolds, will 
be discussed in sec 2.3. In section 3 we will study the supersymmetry of these 
solutions. We will discuss how torsion classes and supersymmetry put constraints 
on the warp-factors of the background manifolds. In section 4 we will give a brief 
discussion of the interconnections between the torsion classes and the vector bundles 
both before and after the transition. Details about the heterotic torsions and the 
torsion- classes are discussed further in the appendices. We end with a conclusion 
and some discussions about future directions. 



2. Three roads to heterotic transitions 

Existence of geometric transition in the heterotic theory was first proposed in ||^ using 
various arguments stemming from U-dualities, orientifold actions and gauge/gravity 
identifications. However all these analysis were studied using the so-called local 
geometry. Recently in we have managed to study the complete global picture 
for type II theories^. It is therefore time now to extend the local analysis of for 
the heterotic case to the full global picture. See figures 1 and 2 for more details. In 
this section we will try to give three evidence related to geometric transition in the 
heterotic side. Some of these details have appeared in ^ ^ for the local case. 



However here we will give a somewhat different interpretation for the transition. The 
configuration before geometric transition will be identified with the heterotic large N 
small instantons, where N is the number of small instantons or heterotic five-branes. 
The configuration after geometric transition will be identified to the case where the 
instantons have all dissolved in the heterotic 5*0(32) gauge group (in fact the 5*0(32) 
group will be broken by Wilson lines. We will discuss this later). This interpretation 
is not new, as the small instantons have already been identified to heterotic five- 
branes by various authors (see [0] and citations therein). What is new, is probably 
the whole interpretation of heterotic duality as small instanton transitions for some 
cases. 

Following are the list of steps that could make this duality a bit more precise: 

• Consider IIB on a resolved conifold with wrapped five-branes. This is basically 



the configuration of . We can go to the orientifold limit that keeps the five-branes 
but generate seven-branes and orientifold seven-planes. Due to this orientifold action 
the gauge theory on five-branes become Sp{2N). This is basically an embedding in 
the F-theory set-up. We will discuss this a bit more below. 

• We T-dualise twice to go to type I where the five-branes remain five-branes but the 

seven-branes become Type I nine-branes. To cancel the nine-brane charges we need 

^Assuming of course that the UV completions should follow somewhat similar line exemplified in 
albeit now with more non-trivial UV caps. These UV caps should capture the six-dimensional 
UV completions of the A/" = 1 IR gauge theories. 



-7- 



orientifold nine-planes. These of course appear from the orientifold seven-planes. 
These five-branes are small instantons on the nine-branes. So the number of these 
five-branes is very large. 

• We have to avoid the Gauss' law constraint as not all configurations can lead to 
large number of five-branes in the Type I picture. It is crucial that various charge 
conservation laws are not violated. For a compact scenario one can easily show that 
the number of five-branes are fixed, and in many other cases Gauss' law will not 
allow too many five-branes. Only in the case with sufficient number of non-compact 
directions, the number of five-branes can be made large. Our study will therefore be 
based on these allowed configurations. 

• We S-dualise to heterotic theory where they are the Witten's small instantons and 
the total gauge symmetry is ^ x Sp{2N) where ^ is a subgroup of SO (32). The 
original 5*0(32) group will be broken by Wilson lines. These Wilson lines come from 
the separation of the seven-branes in the type IIB picture. 

• In IIB we know that there is a geometric transition that takes the wrapped five- 
branes on two-cycle of a resolved conifold to fluxes on the three-cycles of a deformed 
conifold i.e the gauge/gravity duality. Embedding this duality in F-theory will allow 
us to introduce fundamental matter via seven-branes. Then the geometric transition 
will allow us to study the dual geometry in F-theory framework. At the orientifold 
corner of F-theory the seven-brane system can be studied using D7-branes and per- 
turbative orientifold planes along with the wrapped flve-branes. In the dual side 
there would also be an equivalent orientifold corner where we will have fluxes with 
seven-branes and orientifold seven-planes but no flve-branes. 

• So in heterotic theory we expect the dual side to have only torsion and no heterotic 
flve-branes i.e no small instantons or vector bundles. Therefore these small instantons 
have smoothed out and have become geometry! The vector bundle before transition 
will come from the dual of the seven-branes and the separations between these seven- 
branes will appear as Wilson lines breaking the 5*0 (32) gauge group to a subgroup. 
After transition the gauge group is completely broken. The torsion, on the other 
hand, will appear from the remnants of the F-theory three-form RR flux. 

The above arguments show us that there is a possibility to understand gauge/gravity 
duality in the heterotic theory as small instanton transitions where after transition 
the large N small instantons become torsion. In the following we will try to put 
together these evidence to form a coherent global picture. 

2.1 Evidence from an orientifold action 

For the flrst step to work we need to go to the orientifold limit. The simplest 
orientifold action in the type IIB scenario is given by eq. (4.3) of [|I^ i.e {x,y) — ?■ 
{—x,—y) where {x,y) are the local coordinates deflned in footnote 1. This is also 
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global tieterotic 



local heterotic 



T2 



global IIB 



V Ti 



F3=F3=0 



local IIB 



Figure 1: A precise flow diagram to illustrate how a global type IIB background can go 
to a global heterotic background using transformations Ti and T2. The transformation 
Ti could be an orientifolding operation or something more complicated, as discussed in 
the text, and similarly T2 could be T-dualities or something more involved. Thus only 
local geometric are related by T2 transformations. Many different global completions with 
various choices of the vector bundles Vi lead to the same local background in the heterotic 
theory. 



the orientifold action discussed in The proposed local metric before geometric 
transition in the heterotic theory is given by^: 

-2di{dx - b^eAe^){dy - bye^dO') + d^dz^ + dQ\dx2? (2.1) 

where di are the coefficients. In the above metric one can put non-trivial complex 
structure on the X2 torus also. For the present case we see that the local metric is 
given by the following non-zero components: 

^ Gxx Gxy Gxz GxOi Gxd2 ^ 



G 



xy ^yy ^yz ^yOi ^y62 



xz ^yz ^zz ^zOi ^^6*2 



xQx ^yOi ^zOi ^OiOi 



62 



(2.2) 



\Gxe2 Gyo^ Gze2 Ge^e2 Ge.^e.^j 

^In terms of local geometry the D5-branes wrap the (a;, Q\) direction and are spread along the 
spacetime x^^'^'^ directions. The seven-branes are points on the xy torus. This configuration is 
supersymetric and survives the orientifold action, and under T and S-dualities lead to the required 
heterotic configuration. 
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do 



—dd 



di 



Si — d2 



S3 + d4 Kei 



S2 + di h 



'y92 



S4 — di h 



'ye2 



dK 



si - d2 S3 + di bx9^ 



de + Ai 



—di hxeJ^yOo ~ di ^SiSj 



+ di byQ2 Si — di hyo^ —di b^g^byg^ — di ^SiSj 



4 + ^2 



with the various terms s,, Ai are defined in terms of the coefficients di in the following 
way: 

Si = di byffj^, S2 = — C?2 &2:02) S3 = ~ di hyg^, Si = di b^g^ (2-3) 

Ai = di byg_^ + d2 blg_^ — 2di byg-^ bxg^ , A2 = di byg_^ + d2 blg^ — 2di byg^ bxg2 

and SiSj = siSi — S2S4 — S1S3. Recall that the bxg^ and byg^ are not the heterotic in- 
fields. The heterotic 5-fields come from the type IIB F3 field, which will henceforth 



be called T-L. In the presence of a background dilaton (p we expect |]18|, [19 

dn = d[e'^'^ *d{e-'^^J)] = sources 



(2.4) 



with J being the usual fundamental form derived from the above metric and the 
sources are the heterotic five-branes or small instantons. Defining: 



Vx = dx - bxgjd6^, Vy = dy - bygJO' 
Vzi = Vx + TiVy, Vzi = dx2 



(2.5) 



we see that the local background for the wrapped heterotic five-branes is given by 
the following metric: 



ds"^ = d^dr'^ + d^{dz + a cot (^^i) dx + b cot (^^2) 



d2\Vz^\^ + de\Vz2\\2.6) 



where we have shifted dz in a suggestive way with (a, b) constants, so that the 
fibration represents a U (1) fibration over the two two-tori Vzi and Vz2- We therefore 
expect the global extension should be: 



(T^ K T2) k ^ X 



(2.7) 



with K representing non-trivial fibration topologically, so that we have heterotic five- 
branes wrapped on the resolved conifold. Note also that we have used coordinates 
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x,y to denote the U{1) fibration as we expect dx,dy to be non-trivially related to 
Vx,Vy,d6i. Therefore globally: 

d2\'Dzi\'^ + dQ\Vz2\'^ — 7- aidSf + a2dS2, ai — a2 = resolution parameter 
dz + a cot (^^i) dx + b cot {62) dy — )■ dip + a cos 9i dcpi + b cos 62 d(p2 (2.8) 

Si = Si{9i, represent squashed spheres with non-trivial complex structures, are 
functions of the internal coordinates (including r). Thus the complete global metric 
is: 

f^Sgiobai = a^dr'^ + dsl2^^3 = ga,b dR'dR^ (2.9) 

where i?" = (?"2, ''^3, ''^4, i^2, ^3, ^4) are the coordinates and ga,b are a slight variant of 
the metric components considered in the appendix 1 of 0]. In the following we 
give a brief description to implicitly describe the coordinate change necessary to 
compare with the metric written in terms of the usual resolved conifold coordinates 
{r,6i,(j)i,tp). Noting that the C* action on the homogeneous coordinates of the re- 
solved conifold identifies (2:1, 2:2, ,23, ^4) with (1, ^2/^1, ^12:3, 2:1^4), we start with the 
coordinates {U,Y,X) of [Q^, which we see are related to our coordinates by 



U = ziZ3, Y = ziZi, X = -— (2.10) 

due to a sign convention in |T^. Using eqn (2.5) of |10[ together with ( p.lO[ ), we 
can express {U,Y,X) in terms of (^2, -23, -24), hence in terms of the real coordinates 
(r2, r3, r4, ^2, ^3, ^4)- The desired change of variables comes from using (2.13) of [Q, 
which expresses {U, Y, A) instead in terms of the desired six real variables (r, ip, (pi, OP). 

An interesting variation of the global scenario is to change the local metric such 
that the mapping becomes: 

(T^ X T^) K ^ X (2.11) 

instead of ( |2.7D . One simple way to decouple the two two-tori is to change the 
background three-form and the dilaton such that the local metric becomes: 



ds^ 



-2di{dx - b.xe,d9^){dy - bye^dO') + d^dz^ + 4^X2!^ (2.12) 
with an additional constraint that the matrix: 



bxOi bxe2 

byOi by0^ 



(2.13) 



'^With 0, Oi therein. 
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has a vanishing determinant. This immediately tells us that zi torus is decoupled 
from Z2 torus, with 



Vzi — )■ dzi = dx + Tidy, Ti = 
The global extension of the above local metric is 



1-2 a/3 djj^ei 



(2.14) 



ds^ = /i^/^e-^rfS^ias + h-^/^e'^dsl V, = e^^ * d (e-^'^J) , dig^ss = Fods, 

2 

dsl = Fi dr^ + F2{dip + cos 6'irf0i + cos 6'2rf02)^ + ^ F2+i{de1 + sin^6'i 

i=l 



0123 



(2.15) 



which is of course very close to the configuration that we studied in |T0| with 
{h, (p, Fq, Fi) defined as before. Note that we have denoted the global three-form 
and the dilaton by the earlier notation to avoid clutter. Thus the background ( [2.15| ) 
with ((yf^j,, "H, 0) plus a vector bundle V represents the background for the wrapped 
heterotic five-branes. We will discuss the vector bundle a little later. 

After geometric transition, the local metric takes the following suggestive form 
(see also [pO[]): 



ds' 



Ai [dz + ai cot {6i) dx + bi cot {62) dyj + A2 {dy'^ + dOl) + 
—2 A2 hy0^ sin {ip){dy dOi + dx d62) + cos {4'){d9i d02 — dx dy) 



;{dx^ + del] 



+ A5 dr^ 



(2.16) 



where Ai are constants locally, but will become non-constant when we extend the 
metric globally; and ir is the complex structure of dx2 torus (the same one that we 
discussed above before geometric transition). The B-field that allows for this metric 
is: 



B = byg^(^\T\'^dx Ad92 + dy AdOi^ 



(2.17) 



and the torsional equation is satisfied with an appropriate dilaton. Note that now 
we don't expect any five-branes but "H will not be closed. More on this soon. 

The global extension of the above local metric is typically of the following form: 



""'het 



""'0123 



Ai {dip + ai cos 9i Vcpi + 61 cos 62 V(j)2f + ^3 {dOl + sin^^i P^i) 
A2 {del + sin^^2 2^02) - 2 ^2 [cos ip {dOi d^2 - sin Oi sin 62 V<pi V(p2) 



+ sin ip (sin 61 V(pi d92 + sin 62 T>(p2 dOi 



+ ^5 dr'^ 



(2.18) 
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where Ai are no longer constants and V(f)i = d(j)i + fijdx^ with dx^ being the internal 
coordinates and fij are related to anti-symmetric two-form B-fields. In this paper 
we will assume that fij ~ 0; and for a very special choices of these coefficients: 

Ai - A3 - — - J, A2 - 

a(r) = , = 4r coth 2r ^ 1 (2.19) 

^ ^ sinh 2r' sinh^ 2r ^ ^ 

with being the number of wrapped five-branes, and with the following dilaton : 



e 



9+2(/-o 



sinh 2r 

the torsion 'Hmt<s can be easily computed and it takes the following form [pOf 



(2.20) 



= — cosip dr A {ddi A d92 — sin^i sin6'2 d(j)i A d(j)2) 

Na' 

— sin ijj dr A (sin 62 dOi A d(j)2 — sin 61 d62 A d(f)i) 

H — ^ smip dOi A (i6'2 A {dip + cos^^i + cos6'2 d(j)2) 
N 

— — (sin 6*1 cos 02 — a cos cos 6*1 sin 6^2) d6i A c/0i A (i02 

— (sin ^2 cos 61 ~ a cos cos 62 sin 6*1) ^6*2 A d(j)i A (i02 

iV iV 
— sin 6*1 6/6*1 A dcpi /\dip + — sin 6*2 d92 A (i02 A (i?/; 

— cos (sin 62 dOi A (i02 Adip — sin 6*1 (i6'2 A A dip) 

— sin ip sin Oisin 02 d(pi A d(p2 /\ dip (2.21) 

with J being the fundamental form. Interestingly, for this dl-iyw = 0, and we don't 
expect any five-brane sources. This is a bit subtle now because in the heterotic 
theory we expect: 

dn = a' [ti R+AR+-TiFAF] (2.22) 

and since tr A is independent of A^, the dependence of the dissolved small 
instantons can come either from the torsion Ti or/and from the bundle Tr F A F. 
(Here i?+ is the curvature tensor with modified connection that will be discussed in 
sec. 4.) However the gauge group is completely broken when the small instantons 
dissolve, and therefore: 



Tr F A F = (2.23) 
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so with dH = the Bianchi identity will be difficult to satisfy. Thus the only way 
would be to modify the torsion ( p.21|) by a small amount so that both ( p.22|) and 
( |2.23| ) are satisfied with the torsion H defined as^: 



H = H 



MN 



n 



small 



(2.24) 



where we presented an explicit form for "H in Appendix A. Here "Hsmaii is a small 
A^-independent shift of the torsion. For the choice ( |2.19| ), the small r limit is the 
Maldacena- Nunez background |[T^. The large r, i.e the UV limit of the theory, is 
given in Comparing ( 2.21 ) with ( p^.l7[ ) we see that the coefficient of d6i A d(f)2 
has the following terms: 



sm ip sm 62 dr + sm ip cos Ui dUi + cos ip sm Ui dip 



N 

— (sin 60 cos di 
4 



a cos ip cos 62 sin 9i 



(2.25) 



and similarly for the coefficient of ^6*2 A d(j)i. This would have been the natural 
extension of ( p.l7[ ), but we see that ( p.21[ ) has extra terms that are not there in the 
local limit. For example there are no such terms like: 



N 



{dx A d6i — dy A d92 — a^dx A dy) A dz 



(2.26) 



with ao = a(ro) in ( 2.17 ). Therefore, using all the above arguments, the full global 
background is a deformation of the background ( p.l9| ), ( p.20|) and ( p.21[) that satisfies 
the Bianchi identity ( p.22|) with the condition ( p.23|) . 



2.2 Evidence from sigma model identification 

The second evidence comes from the sigma model identification. For the situation 
after the transition, one expects a (0,2) worldsheet sigma model for M = 1 spacetime 
supersymmetry. The general idea is simple, and can be stated as follows. 

To develop (0,2) models in the context of complex structures we start by con- 
sidering the following world sheet action for type JIB theory in the presence of -f^NS- 



S 



ilia' 



a 



fermionic 



(2.27) 



where Sf^^^-^^^^^ contains the standard kinetic term plus the following interaction part: 



q9 
"-"int 



v^tozr + v^j^ozr - \n,,,ia%a^^rrri^^ \ (2.28) 



where TZijki is the background Riemann tensor. In this action we have the freedom to 
add non-interacting fields. This ruins the carefully balanced (2,2) supersymmetry of 



'We thank Juan Maldacena and Edward Witten for discussions on the above issues. 
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Figure 2: Three possible ways to get local heterotic backgrounds from a given type IIB 
local background. These transformations are basically the transformations depicted as Ti 
and T2 in the previous figure. Note that the three paths are not generic, and in many cases 
may not exist at all. 



this model. We can use this to our advantage by adding non-interacting fields only in 
the left-moving sector. This breaks the left moving supersymmetry, and one might 



therefore hope to obtain an action for (0,2) models from ( |2.27|) , at least classically. 
On the other hand, a possible (0,2) action is also restricted because this will be the 
action for heterotic string. Therefore let us start with the following naive steps to 
find the classical (0,2) action from a given (2,2) action (see for more details): 

• Keep the right moving sector unchanged, i.e. ip^ remain as before. 

• In the left moving sector, replace by eight fermions < 



1,...8. Also add 24 



additional non-interacting fermions \Ef'', 6 = 9, ...32. In other words: 



^9 



y V|/32 y 



(2.29) 



• Replace u+ by gauge fields A, i.e. embed the torsional spin connection into the 
gauge connection. 

The above set of transformations will convert the classical (2,2) action given in 
( p.27|) to a classical (0,2) one. One might, however, wonder about the Bianchi iden- 
tity in the heterotic theory in light of the discussions that we had in the previous 
subsection. The type IIB three-form fields are closed, whereas heterotic three-form 
fields satisfy the Bianchi identity. One immediate reconciliation would be that be- 
cause of the embedding a;+ = A, the heterotic three-form should be closed. This may 
seem like an admissible solution to the problem, but because of subtleties mentioned 
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earlier this cannot be the story here. Therefore an embedding of the form: 

= ( J . ) (2-30) 



0{a') 

(where for simphcity we have left the off-diagonal part vanishing) cannot quite be 
the solution for our case as we require: 

c^Kmaii = a' [doj+ A du+ + C(w+)] (2.31) 

Thus one possibility will be to make the gauge field vanishing and replace all con- 
nections by the torsional connection Uj^. Using this the new action with (0,2) super- 
symmetry becomes: 

S = / rfV \{g^j + Bi,)d+X'd.X^ + t^ljP{A+ipy + z^^(A_^)^ + 0(«') 

orra J L 



where due to the Bianchi identity (p.31|) and our choice, there are no F°- Yang- 



Mills field strength. The fermion indices are A = 1, 32, which means there are 32 
fermions, and T" form tensors of rank 16. The Laplacians are given as follows: 

Hijk = - {Bij^k + Bjk^i + -Bfcj,i)(]y[j^) + 0{a') (2.32) 

As expected, this set of actions determines the (0,1) supersymmetric heterotic sigma 
model. This is similar to the (1,1) action for the type II case. The full (0,2) susy 
will be determined by additional actions on the fields (exactly as for the (1,1) case 
before). 

The above discussion is a simple way to see how certain IIB backgrounds can 
be dragged directly to the heterotic side by making small modifications to the field 
contents. The above discussion was solely for the heterotic background after the 
transition where the heterotic gauge group is completely broken. The situation then 
is completely different for the case before the transition. 

To study the heterotic background before geometric transition using our sigma 



model identification we take the type IIB background given as equation (4.13) in [|T0 
and "de-boost" the system so that we can have 

^3 = = (2.33) 

The de-boosting procedure follows the reverse chain of dualities depicted in figure 



1 of [10 . Once we have this, then it is obvious that the background before GT is 



^See also ^ ^ for additional subtleties that come from the above embedding. In fact even 
in the usual case this embedding will not allow any compact non-Kahler manifolds to appear in 
the heterotic theory. 
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precisely ( p.l5| ). In the type I language, which is the S-dual of ( p.l5| ), the type I D5- 
branes are the small instantons of the nine-branes gauge theory. For D5-branes, or 
N small instantons in the heterotic theory the gauge symmetry before the transition 
can be written succinctly as: 



Sp(2N) X g 



(2.34) 



where ^ is a subgroup of the full SO (32) group in the heterotic theory. The 5*0(32) is 
broken by the Wilson lines. These Wilson lines are related to the distances between 
the type JIB seven-branes in the full F-theory picture. 

This means that the sigma model before the transition is exactly given by an 
ADHM sigma model |]30[ (much like the one discussed in [0). One may then under- 
stand the geometric transition to be related to an AfHeck-Dine-Seiberg (ADS) 
type superpotential being added to the usual ADHM sigma model superpotential. 
This is much like the discussion in Klebanov-Strassler [0 where the addition of an 
equivalent ADS superpotential to the usual M = 1 quartic superpotential shows how 
one could go from a conifold to a deformed conifold. More details of this will appear 
elsewhere. 

2.3 A more direct analysis 

The third evidence comes from dissolving the NS three-form completely in the metric 
in the JIB picture. We can do it in the presence of an orientifold action also. First, 
however, let us try without involving any orientifold action i.e keep only the wrapped 
D5-branes. The local geometry is well known to have the following form: 



dr^ + \ dz + 



+ 




ro cot {9i) dx + 



1' 



del + dx^ 



+ 



(7 + 4a2) 
(7 + a2)v^ 



ro cot (6*2) dy 



dei + dy' 



+ 



+ 



(2.35) 



where all the coefficients are described in pO] , pO| . There is also a B-field given by 

-Bns = bxOidx A d9i + byo^dy A d92 (2.36) 

plus of course there are F3 and F5 fields whose orientations will be discussed soon. 
Recall also that all the coefficients in the above metric are constants. This is going 
to be useful soon. 

Under two T-dualities along (x, 6*2) directions, the B-field ( p.36[ ) completely dis- 
solves in the metric to give us the following non-Kahler geometry: 

ds'^ = dr'^ + [dz + Aicot{6i){dx - b^e^dOi) + A2Cot{92)dyY 

+ [aidOl + {dx - br^g^dOif] + [dy"^ + a2{de2 - byo^dyf] (2.37) 
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where the coefficients appearing in the metric are defined in terms of the coefficients 
of (|2.35|) appearing above. The metric ( p.37|) is a non-Kahler deformation of (|2.35| ). 



The complex structures of the base tori change from = iJ'ai to 



Ti = - Kei + ^VoT' ^2 = - — — ^-3— + 1 / ^ (2.38) 
dzi = dx + Tid6i, dz2 = dy + T2d62, T>z = dz — /S.ihxe^coi{9i) dOi 

so that tlie metric ( |2.37| ) takes the following suggestive format: 



I 1 2 

ds"^ = dr^ + {Vz + Aicot{9i) dx + A2Cot{92) dyY + \dzi\^ + p^\dz2m2.39) 

where |r2|o is the complex structure of the second torus in the absence of B- fields. 
Note that the coefficients in front of the dzi and dz2 tori are different. This means 



that the global extension of the local metric (|2.37|) should have two two-spheres of 
unequal sizes which, in other words, should be a resolved conifold. Thus the five- 
branes wrap two-cycle of a non-Kahler resolved conifold, exactly as we have been 
considering earlier! 

There are still a few loose ends that we need to tie up before we go to the analysis 
of the geometry after the transition. For example: What happens at the orientifold 
point? How do the seven-branes behave in the final T-dual set-up? What happened 
to the RR three and five-forms? 

To understand these issues let us analyse the system carefully. As discussed in 



[0 there are two possible ways to perform orientifolding operation here. The first O- 



action has already been discussed in the previous subsections. The second 0-action 



is given by eq. (4.6) of |jTO[ i.e (x, 61) — )■ (— x, tt — Oi). For this action we can keep the 
D5-branes parallel to the seven-branes once we are away from the orientifold point. 
Such a configuration breaks supersymmetry. However we can form a bound-state of 
D5- and D7-branes that is supersymmetric. This configuration is then different from 
the one studied before. In the full global geometry we can assume that the bound 
state is embedded in a non-trivial way in the non-Kahler resolved conifold space, and 



the fluxes give rise to a dipole-deformation of the bound state (see |^ ^ for more 
details). 

This picture can also be understood as an D5-brane bound states on a single 
D7-brane with all other seven-branes moved away in the {x, 61) direction. To go 
to the heterotic side we need to go to the orientifold point. At the 0-point the 
world-volume gauge fluxes are all projected out because only dipole deformations 
are allowed. However note that in the far IR the resolution cycle is very small and 
therefore the wrapped D5-branes are fractional three-branes in the IIB set-up. Thus 
at the orientifold point we may rotate the three-form fluxes (i.e the flve-brane sources) 
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so that the local RR field is the following (see also 



ao. 



Brr = hxzdx /\dz + hxydx Ady + bxOidx A d92 + hyo^dy A dOi 
+hze^dz A dOi + he^e^dOi A 6/6*2 



(2.40) 



where hajs = ba/sir, 9i, 6*2), which also means that the D5-branes at the 0-point form 
a non-trivial surface that could still be viewed as a bound state with the seven- 
branes. The i?Ns in ( p.36| ) will give rise to dipole deformation at the 0-point. The 
heterotic metric then is ( p.37|) whose global extension should be the non-Kahler 
resolved conifold mentioned before. 

Rest of the analysis follow similar route as outlined earlier. The gravity dual 
should in general be non-geometric, but if we concentrate only on the geometric 
portion of the moduli space of solutions, the gravity dual is a small deformation 
over the Maldacena-Nunez geometry at the far IR. This small deformation cannot 
be ignored, otherwise Bianchi identity will not be satisfied. 



N = 1 gauge theory 
configurations 



geometric 




Non-geometric landscape 



MN type geometry 



Geometric landscape 



Figure 3: The heterotic transitions corresponding to various gauge theory deformations. 
We see that the dual configurations are generically non-geometric. The geometric (but 
non-Kahler) regions are shown in blue. The back dot is the warped deformed conifold 
geometry, or the MN type geometry. 



3. Analysis of torsion classes 

Now that we have few evidence that suggest that there is a possibility to describe the 
strongly coupled theory on the heterotic five-branes using a gravitational description, 
we should seriously check the supersymmetry of the underlying gravitational solu- 
tions. In fact as pointed out in |]10| and in section 1.1, the issue of supersymmetry 



-'^^Note that the rotation keeps one component of the three- form fiuxes along the orbifold direction. 
As is well known, this requirement is enough to survive the 0-action. 
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is subtle: there is no immediate guarantee that the backgrounds in IIA, M-theory 
and in IIB are susy after performing all the transformations. In this section we will 
therefore analyse the torsion classes in all the intermediate theories and ask under 
what conditions susy could be preserved. Such an analysis will also help us fix many 
of the free parameters in the intermediate theories. 

A manifold with SU(3)-structure has all the group-theoretical features of a 
Calabi-Yau, namely invariant two and three forms, J and f2 respectively. On a 
manifold of SU(3) holonomy, not only J and Vl are well defined, but they are also 
closed: (iJ = = dVL. If they are not closed, dJ and dVL give a good measure of how 
far the manifold is from having SU(3) holonomy [^] 

dJ = -hmiWiQ) + W4AJ + W3 

dn = WiJ^ + W2AJ + W5An (3.1) 

The W^s are the (3 © 3 © 1) ® (3 © 3) components of the intrinsic torsion: Wi is a 
complex zero-form in 1 © 1, W2 is a complex primitive two- form, so it lies in 8 © 8, 
W3 is a real primitive (2, 1) © (1,2) form and it lies in 6 © 6, W4 is a real one-form 
in 3 © 3, and finally VF5 is a complex (1, 0)-form, so its degrees of freedom are again 
3 ©3. 

It is sometime convenient to express the torsion classes using another definition. 
These have appeared in the literature in the following guise (see also for more 
details): 

dn±AJ = W^JAJAJ, dn'i'^^ = W^ J AJ + A J, 

(ij(2.i) = [J A W4'^^'^'> + W3, Wi = ^ Jj dJ, W5 = ^n+j dQ+. (3.2) 

where Wi = + , W2 = + W2 and the contraction operator j is defined 
as 

k n n—k 

j:/\T*©/\T*^ /\T* (3.3) 

[Lk, M„) ^ lcJ:L'^-'^'=M,,...,„e'^'=+i-^"" (3.4) 
n! 

The two definitions are related as 

Wi = W+ + iW{, W2 = W+ + iW^ 

l^g^^'i) = W4 = W4, ReiW^) = -W5 (3.5) 
3.1 Torsion classes in the heterotic theory 

In the following we will study the torsion classes for the heterotic string theories be- 
fore and after geometric transition. Before geometric transition we have the heterotic 



string theory as in [10 
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where k'^{r, 61,62) = h ^/'^e^ and 



dsl = Fi dr'^ + F2 {d^ + cos 6id(pi + cos 6'2<i02)^ + F3 {d6l + sin^ 6'ici0^) 

+F4 + sin^ ^2^2) (3-7) 

where are functions^^ of r. The metric is of course related to the type IIB metric 
studied in UTOH and discussed further in section 1.1. The NS three-form flux is: 



*6 d{e~^'^J) 



F4 a/A sin 60 



P ( VF1F2 sin 61 + 20^F3 sin 61 - F^^ sin 61 ) 
d62 A (i02 A (d-?/' + cos 6'i(i0i + cos 6'2(i02) 
A;2(v/FiF2sin ^2 + 20^F4sin^2 - i^4r sin ^2) 
d6i A A {dip + cos6'i(i0i + cos6'2C?02) 

+2A;a/FiF2 sin6'2(fc06i2 ~" k0^)d(l)2 A ((i?/' + cos6'i(i0i + cos^^2f 
+2k^/ F1F2 sm6i{k(f)g-^ — kgjdcpi A (d^/' + cos6id(f)i + COS62C 
+2A;F4sin6'i sin6'2(/i;06ii — kg-^)d(f)i A ^6*2 A d(f)2 
+2kF3 sin 61 sm62{k(j)g^ — kg^)d6i A dcpi A d(f)2 



F3^/F\sm6l 
—2kFskr sin ^1 
F3A/F2 sin^i 
^F4/F\sin^2 L 
—2kFJ^r sin ^2 



62) A (ir 
62) A dr 



(3.8) 



which in turn will soon be related to Here we have defined k^ = dak and 

Fna = daFn, with a being any of the internal coordinates. Now to see the precise 
connection of with W3 we first need to write the vielbeins for the internal space. 
They are given by: 



ky F'i{cosil)id6i + sinT/^i sin6'i( 



ky F'i{— sm.il)id6i + cost/'i sin 6it 



k yF^^cos ip2d62 + smilj2 sin 6*2^02), = k\/F\{— sin'?/'2, d62 + cos^/'2 sin6'2(i02) 



kyFi {dip + cos6'i(i0i + cos6'2C 



ky Fi dr 



(3.9) 



The fundamental two-form J and holomorphic three-form VL are defined in terms of 
these vielbeins as 



J = A + A + A 

VL = {e^ + i e^) A (e^ + i e^) A (e^ + i e^) 

which will immediately give us the following values for Wi and W2'- 

Wi = W2 = Q 



(3.10) 
(3.11) 



(3.12) 



^^In this paper we will not investigate the case where Fi are more generic functions of (r, 9i, 4>i, ip). 
The analysis with generic will definately be techically challenging and will give us a bigger moduli 
space of solutions, but the physics will remain unchanged. 
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implying that the internal manifold is a complex manifold. The three-form NS flux 
would be directly related to W3 if we demand d{*QH^) = 0. In that case W3 = *6-f^3- 
Thus for our case W3 is: 



k 



2 



^^^dr A dOi A - ^^rfr A rf^2 A ) (3. 13) 



The above three torsion classes told us how to put three-form flux on a complex man- 
ifold. However supersymmetry is still not guaranteed. To demand supersymmetry 
we first require to compute W4 and Re W5. For our case they are given by: 



- VF\F2 , Fir ' VKK ^kA , , 2kg, ,^ , 2ke^ 



V 2F3v^ 2Fiy/F\ k ) k ^ k 

= ( 2fc + 4^ + 4^ + 4^ - 2 V j + ^^'^ + ^ci^2(3.14) 

The SUSY condition requires 2W4 = Re so /c is a function of only r. The susy 
requirement from the torsion classes gives rise to the following constraint equation 
for the warp factors Ff 

\] dr\og F3 + ( -1= - 7 ) i9,.log F4 - ^drhg F2 + ^i9rlog k 



Fi 4y ° Vv^ 4y ° 4 ' ° - 2 
I l\ ^ I [F[ , , 

This constraint equation would also be the one that we will need to impose on the 
type JIB side. From ||2^ we expect e'^ = h~^^'^F(^^ to also come out of the torsional 



constraint (|3.15|) . However observe that ( p.l5|) is independent of Fq, so Fq is a free 



parameter for the background. Therefore without loss of generality one may choose 

^ , 1 /9 ^ Fn ''^cosh/3 

e-<^ = h'/^Fo = , ' , 3.16 

Vl + F^smh'/3 

as in ( |1.2|) , which will keep the spacetime part of the metric independent of any warp 
factor. This would then be consistent with the solutions of 

After the geometric transition, as we discussed in details earlier, we expect the 
generic solution to look like ( p.l8| ). The torsion classes for this case is a special case 
of ( p.l7| ) with all the fibration vanishing, i.e., bij = where i,j = r, ip, 9i, (pi (see also 
Appendix B for more details). 

3.2 Torsion classes in type IIA theory 



We want to make sure that during our duality chain discussed in |10| the solutions 



we take are all supersjTiimetric, as the final heterotic metric after the transition will 
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come from dualising the type IIB case after geometric transition. The starting point 
of IIB solution is obviously supersymmetric (provided the warp factors satisfy the 
constraint equation ( |3.15| )). However, after the coordinate transformation and shift 
in the metric it is not obvious that the IIA solutions before and after flop are still 
supersymmetric. Therefore in this section we will calculate the torsion classes for 
the IIA solutions and impose constraints to make them supersymmetric. 

Before the flop the IIA metric takes the similar form as the deformed conifold 
as discussed in |T^: 



ds 



10 



Fodsl.o. + Fidr^ 



aF2 
A1A2 



dip — b^rdr — h^o^d62 



-Aicos 9i {d(f)i - b^^g^dOi - b^^rdr^ + A2C0S ^2Cos tpo {d(t)2 - h^,^g,^d92 - h^^rdr 



1 2 



~^^3 <f>2<f>2 



d9^ + d0i - h^^e^dOi - h^^rdr 



d92 + I d(t)2 - b^^g^d92 - b^^rdr 



+2a;j0,02cos ijj 



deide2 



1 - b^^g^dOi - h^^r-dr (i02 - h^^g^dd2 - h^^rdr 



+2Q;j0-^02sin ip [dcpi - b^^e^dOi - b^^rdr)d62 + {d(f)2 - b^^g^d92 - h^^rdr\d9i 



(3.17) 



As before, to compute the torsion classes we need the veilbeins. For our case, they 
are: 



4 



Firfr, = K dOi, 



-K (c/01 - h^^e^dOi - b^^^dr), 



= G{d'ip - b^rdr + Ai cos6i{d(j)i - b^^e^dOi - b^^rdr) + A2 cos6'2((i02 - b^,^0,^d62 - b^^rdr)), 



smip{d(f)2 — bff,^e.^d62 — b^^rdr) + cos4'd92 — a dOi 
cosip{d(p2 — b^^0^dO2 — b^^rdr) — smipd92 — a {dcpi — b^j^g^^dOi — b^^rdr) 



where G, L, K and a are defined as: 



G 



^ \ 3<t>2<f>2 



3(f)i(j>2 



J<t>l<f>2 



A1A2 ■ V V Jcf>i4>i^ 

From the above vielbeins we can write the complex vielbeins as: 

Ei = e^+ie\ E2 = + i {Ae'^ + Be^), E^ = + i {Be'^ - Ae^) 



(3.19) 



(3.20) 



with A and B as functions of the radial direction r which in turn are determined by 
the SU{3) structure of the underlying manifold satisfying A"^ + B^ = 1. 



(3.18) 
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With all these preparations, we are now ready to write the torsion classes. They 
are given by: 



Wi 



1 



iL^GK% 



AB - 2iL'AGb^rK'B + 2L'AVF1K^B 



+ 2iGL^K cos tp'^b^2e2,raB'^ - iL^GKb^2e2,raB^ + iL^Gb^^euvKa 

- iL^Gb^,e^,rKaB^ - iL^Gb^,e,,rK'^ AB + G^S/fIAL^Ai sin^ia^ 

+ G'^B^iB^2 sin ^2^^ + ^/^AAa sin ^2^^ + 2GL^K sin ^b^^e2,r cos i)Aa 



+ 2L^GBK^ - 2iGL^K cos ij%,e2,ra + iL^GKb^,g,^raL^K^ ^iGB 



(3.21) 



where Wi are given in Appendix B. Once we know Wi, W4 and W^, it is easy to 
calculate W2 and W3 from We will not give the explicit expressions here. Note 
also that since Wi, W2 are not zero, the type IIA manifold is not complex. This is of 
course consistent with our earlier works |20, |^, 21, 10]. The supersymmetry condition 
imposes the following constraints: 

2w4ei = Kw^e^ + Kb^^g^w^ei " aLw^^^ + aLb^^e^w^e^ 

2W4r = a/F\ W5ei + Kb^^r-W^e^ - Lsm l/jb^^rW^e^ - L{ab^^r " COS 1pb^2r)w5e6 

2^402 = L(— sin ipb^^g^ + cos ip)w^e^ — L(cos i'b^^Q^ + sin ip)w^e(^ 

2w4(j)^ = L(sin ip luses + cos ip w^e^), 2wi^^ = —aL w^^^ — K w^e-^ (3.22) 



with W5e2 = 0. These conditions are in addition to the condition ( p.l5| ), and therefore 
would constrain the warp factors further. 

After the flop the IIA metric takes the similar form as the resolved conifold [|1^ 

ds^Q = Fo(isQ]^23 + Fidr'^ + e^*^ dip — b^^dx^ + Aicos di (^dcpi — b^fj^g^ddi — b^^fdr 



+A2C0S 62 



d92 — b^^rdr 



2cj> 



+ e~a\k^G2 + fcGg + Gi) dOf + {dcpl - b^^g^dOi - b^^rdr)" 



2cj> . 



+ e 3 b\^i^G2 + /iGg + Gi) c/6'2 + (c/02 - b^262d62 - b^^rdr)" 



(3.23) 



the definitions of coefficients are the same as in lOl. We define 



jr2 = e^a^{k'^G2 + kG^ + Gi] 
7l = e^b\ix'G2 + iiG^ + Gi] 



(3.24) 



To determine the supersymmetry condition now, we follow the same procedure, 
namely, compute the torsion classes. In the following we give the general torsion 
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classes assuming that the fields and metric can depend on angular coordinate 6i and 
62 also. But first we need the vielbeins for the metric ( p.23|) . They are: 

= JFid^i, = J^2de2, = \f¥ydr 

= J^i{d(f)i - h^^e^ddi - b^^rdr), = J'2(#2 - b^^g^d92 - h^^rdr) 

= e'^[d-ip — b^rdr + Ai cos9i{d(f)i — b^-^g-^dOi — h^^rdr) + A2 cos^2(c^02 — b(p^g^d92 — b^^rdr)] 

(3.25) 

Using these vielbeins it is a straightforward (but nevertheless tedious) exercise to 
determine the torsion classes. This time we find the following values for the torsion 
classes: 

Wi ^ 



-{J^ib^^r,e2 + J^2h2r,ei - e^'^A2 cos 6*2 ib^^Oifi^ 



+ e^'^Ai cos 01 VFi 6^,01,92 + i e^^\fFx{A2fi^ cos02 - Ai,^^ cos^i)) 

7 2,6*1 + ^ 206*1 ,/) , ^ 1,02 + l(p02 ,n 1 / x-2 20 A ■ n 

. = — ■ — — dOi H ■ — — d02 — (y^^e ^A2 smt^2vFi 



J^2 -^i 2J- \J- 2 

sin 9i\fF 1 — J-'fe^'^ /S.2fi2 cos 62^7 1 — J-f e^'^Ai ^-^ cos 9i^/F 1 
Re W5 = rJL^ (e'^J-i J-sAi,, cos Oi - 27^72,0, \fF[ - 17x^^72^7 ^ - 7i72(t)e,) 



'7x7(72 



+ 



7172^1 



A2 cos92e'f'7i72b^grg^ - ^1 cos9ie'f'7ib^,g,^72 



+ Ai cos9ie'''7ib^,rg^72 + e'''7i72h^rg^ - y Fi7i72b^,,e2g, 
3 

+ r^^2^ { - 2 ^1,02^2^1 - 2 7x72M " ^i^ih, ^1 + e'^7x72A2r cos 9, 
Z\2 cos92e'^7i72b4,.^e.,j. + ^2 cos 6'i>e'^J'i J'2&</.ar0g 



2- 

o4 



+ 



J-f J-"] 



+ Ai cos9ie'^7ib^,rg^72 + e'^7i72b^rg^ - V Fi7ib^,eie^72 
( 

^ y-g^ ( — kb^jgj^7 2 + kb^jrgj7 2 — 7\7 2b^^e2r + 7i7 Z^^^r.^g 

2 7\^r72 + 2 J"! J-20r + 2 7\72,r 



J-2 

where 1^2 and can be easily determined from the above information. Note that 
the type IIA manifold after geometric transition is again a non-complex non-Kahler 
manifold as we would have expected. The supersymmetry condition: 

21^4 = Re 

will put further constrains on the parameters of the background. Combining the 
other two set of constraints: ( 3.15 ) and (|3.22| ) we can fix most of the parameters of 



(3.26) 
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our background. The remaining parameters, which are not fixed by our constraint 
equations, will give rise to a class of backgrounds corresponding to various gauge 
theory deformations, as shown in figure 3. 

Combining all the ideas together, we see that a careful analysis of the torsion 
classes for various intermediate configurations allow us to present explicit supersym- 
metric solutions for the geometric transitions. This would then not only justify the 
supersymmetric cases studied in |jlO[, but also the new heterotic configurations that 
we present in this paper. Therefore combining the above set of arguments, stemming 
from torsion classes and explicit backgrounds analysis, we believe, should strongly 
justify the new heterotic duality that we conjecture in this paper. 



4. Vector bundles through conifold transition 

To study the vector bundles we will start from the anomaly condition for the heterotic 



theory with torsion. As emphasised in p5[ a more useful way to express the anomaly 



condition is to complexify the heterotic three-form H to G, and write the anomaly 
condition as: 

G = dB + a' [ns{u+) - n^iA)] (4.1) 

where u+ is the modified spin-connection, now described using the one-form G, 
defined in the following way: 

u}+ = u}--G, with G = Ge-^ = G,jke''^e^'' (4.2) 

The complexified three-form is very useful in many analysis, for example writing the 
superpotential [fH] or the action, and can be expressed in terms of the real three- 



form "H of the heterotic theory complexified with the geometrical data One may 
easily show that the Chern-Simons term related to the torsional-spin connection u+ 
is given by 



ns{oo+) = nsioo) + ^n^iG) -^{uar^ + ga r^) (4.3) 



where we define ^^{G) in somewhat similar way as ^3(^4) or ^3(0;): 

n^{G) = G AdG-\G AG AG (4.4) 
The quantity R^ is the curvature polynomial due to the torsion and is defined as 

R^ = dG-\GAG (4.5) 
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whereas R^i differs from the usual curvature polynomial by — |a; Aw. In fact, we can 
write in a more compact form as 

^3(0;+) = [uj- \g) [r. - \rq) (4.6) 

with the curvature polynomials defined above^^. 

From the above analysis it is easy to infer, what the background torsion is. If 
we concentrate only to the lowest order in a' and linear order in G, the three-form 
background is given by 

G = dB(l- yi?c.e-') + a'n^{uj) + 0{a'^) (4.7) 

where we have imposed ^3(^4) = because the gauge group is completely broken. 
To all orders in G and a' the equation, that we need to solve is 



dB + an^{uj) = f {U 



Thus / will have a term linear in a'. Using this, the solution for G is written in 
terms of powers of a' in the following way: 



G = + ^ (4.9) 



/a' 

where n goes from zero onwards. As discussed in p5|, the various terms in G can be 
presented as: 

ho - ^/To A /To A /To = 

Ho = -- + -Tr (/To A dh^ + -Tr (u^ A /Tq A 

h - (/To a /To a /Ti) = -^Tr (uo A dho) + ^Tr (uo AHqA /Tq) (4.10) 
- ^Tr (/To A + ^Tr (^Hq A dho + ho A dHo^ - ^Tr (Ho A Ho A h) 

where the tilde terms are one-forms constructed out of three-forms using vielbeins 
as in ( [4. 21) and the subscript denotes zeroth order^'^ in a'. Solving the above set of 
equations give us the following: 

G = -^d{B + iJo) + a'Vt^{ujo) + corrections (4.11) 



^^In this form it is instructive to compare with the other choice of torsional-spin connection cli_ 

1 ~\ / 1 1 ^ 



^z{uj-) = (lo + -fdj {n^ + -7^^ + -nAn 



which differs from in relative signs and an additional term. 

^■^We write uj and J a,s ui — ^ a'"a;„, J = X] o^'^Jn to compare terms order by order in a'. This 
is discussed in more details in ESf . 
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where, as one would have expected, the complexified Kahler form appears naturally 
from our analysis. The corrections are both to Jo as well as well as to higher orders 
in a' . The — | coefficient can be absorbed by redefining G. Once we do that, we 
could rewrite the real part of G, i.e "H, in the following way: 

^ = / + y (c^o A / A 7+ / A R^, + \] N df- A fA fj (4.12) 

where / = dB + a'Q^lu) as defined in ([4.8|) above. Since we know "H from Appendix 
A, we can determine / or / to lowest order in a' by solving the cubic equation ( ^4.12|) . 

Therefore the story after the transition is simple: the torsion and the metric are 
the only information needed to specify the dual geometry. On the other hand before 
the transition the situation is more involved. There is a non-trivial vector bundle: 



Sp{2N) X g (4.13) 

where, as mentioned earlier, the gauge group Q comes from the type IIB seven-branes. 
Various distributions of the F-theory seven-branes a-la \3^\ will give various Q. If H 



denotes the torsion before the transition, we expect dTi to have contributions from 
Tr Fg X Fg as well as from Tr Fsp{2N) x Fsp{2N)- As before, the torsion "H will have two 
parts: one proportional to N and the other independent of A^. The part independent 
of could be balanced by the torsional curvature and the ^-bundle. It will be 
interesting to work out the full picture as both sides, before and after the transition, 
require careful analysis of the Bianchi identity. A more detailed analysis of how to 
pull the bundle ( [4.13|) through the conifold point will be discussed elsewhere. 



5. Conclusion and discussions 



In this paper we gave some evidence for the gravity dual of large heterotic small 
instantons. We pointed out that geometric transition in the heterotic set-up is related 
to small instanton transition under which the small instantons smoothen out. This 
way the Sp{2N) gauge symmetry before the transition is completely broken and 
therefore in the dual side we no longer have branes or vector bundles, but only 
torsion. For certain cases the gravity duals are deformations of the corresponding 
type II cases because of the underlying Bianchi identity. 
We left many questions unanswered. For example: 

• Can this way of thinking be extended to the type IIB case also? Recall that the 
IIB D3-branes are small instantons on the seven-branes in the full F-theory set-up. 
Therefore before the transition we can move the seven-branes along the Coulomb 
branch so that the susy remains unbroken at low scales. Then presumably the large 
N limit of D3-branes could be studied via this mechanism. It would be miraculous 
to recover AdS target space from ADHM sigma model. 
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• In the heterotic side the vector bundle is completely broken. So to satisfy the 
Bianchi identity we cannot allow a closed three-form. However in IIB there might be 
a situation where all the D3-brane small instantons smoothen out on a subset of the 
allowed seven-branes. The gauge fields on these seven-branes become all massive, 
but we can still have non zero Tr F A F from the other seven-branes. Therefore we 
might be able to allow for a closed three-form and still satisfy the Bianchi identity. 

• One of the issue that we skimmed over is the ADHM sigma model and possible 
contributions to the world-sheet superpotential. The precise question is as follows. 
Could there be an Affleck-Dine-Seiberg (ADS) like contribution to the ADHM sigma 
model that can tell us how the target space changes from a non-Kahler resolved 
conifold to a non-Kahler deformed conifold (or even to a non-geometric one)? 

• In the type IIB case the effect of world-volume quartic potential plus the ADS 
contribution can also be seen from the Gukov-Vafa-Witten type hulk superpotential 

Now that we know the heterotic superpotential ]18|, |19|, we should be able to 



see the connection between this superpotential and the total ADHM superpotential. 

• Is it possible to understand the full cascading dualities from this perspective? This 
may be more tricky because in type I we don't have D3-brane degrees of freedom. 
But maybe they all can be understood directly from the F-theory viewpoint where 
the D3-branes are small instantons on the seven-branes, and the D5-branes (that are 
not parallel to the seven-branes) are in fact T-dual to type I small instantons^^. 



We discussed how the MN solution [|T^ should be deformed slightly to satisfy 



the Bianchi identity. However we did not compute the actual deviations of the 
components of the metric or the three-form in this paper. Although this is technically 
challenging as the components of tr i?+ A i?+ from the metric (|2.18|) are rather 



-'^''in fact there is already a hint that such deformation of the instantons that we see in the 
heterotic side should have an equivalent story in the T-dual of the IIB geometric transition. This 
construction has appeared in the second reference of ^ some time back, and here we will elaborate 
the story very briefly. The IIA brane construction after the last cascade will be M D4-branes in 
the interval between the two orthogonal NS5-branes, and no D4-branes on the other side. Once we 
shrink the P-*- to zero size, the two NS5-branes in the T-dual picture come together. To see the 
subsequent behavior, we lift this to M-theory. There the SUSY condition is preserved only when 
the shrunk D4-branes (or M5-branes now) deform to form a diamond structure between the two 
M5-branes (see for more details about this construction). Therefore the final configuration is 
like two intersecting M5-branes with the intersection "point" blown up and the M5-branes between 
the two orthogonal M5-branes virtually dissolved. The T-dual type IIB configuration will give 
us a deformed conifold and no D3-branes. Note that the deformation of the shrunken M5-branes 
exactly create the extra metric components required to convert the resolved conifold geometry to 
a deformed one in the T-dual IIB side. This is almost like the small instanton story: the small 
instantons deform and become geometry. The only difference is that in IIA/M-theory the curved 
M5-branes become M planar M5-branes and consequently lose the U{M) gauge symmetry to end 
up with M t/(l)'s. In heterotic theory the k instantons blow up to lose the Sp{2k) gauge symmetry, 
but now due to background t?-subgroup of 5*0(32) all the gauge symmetries are completely broken. 
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unwieldy (see also Appendix A for the form for H), it will nevertheless be an 
interesting exercise to get the background precisely. This will then provide another 
confirmation of the heterotic duality. 

• Last but not the least, we haven't said anything about the x case. As 
discussed in the introduction, here the story may follow similar line of thought as 
in [||. We will discuss about this case and hopefully some of the above mentioned 
points in the sequel. 

Note: As we were writing this draft two interesting papers appeared in the archive 
that studied some aspect of the story in a slightly different guise ||3^. The second 



paper in studied some aspect of heterotic/CFT (0,2) sigma model. It would 



be interesting to relate them to our results. Some other papers with some indirect 



relations to our work can be found in [38 
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A. The torsion for the dual gravitational background 

The modified l-L for the heterotic background ( |2.18|) is rather involved because of the 
non-trivial fibration structure in the definition of "D^j. However if we consider the 
simpler case where P0j ~ d(f)i the three-form, or the torsion, can be easily found. 
Under this simplification % is given by: 

V, = —= ^ _ (-R/r/-^ ^ B^KL'^ar -L^a(l- B^) BKr 

^/A^K^Wl - 52 ^ r ^ J r 

-2 L^aVl - 52 sin (i/j) UB'^ - L^a^ (l - 5^) sin {i)) BrK 

— cos a/1 — 52 sin {^) ttr 

-aBK'^ sin (^) Lfi,Vl - ^2 - L^a^ (l - 5^) sin (V^) 

+ (cos {ij)f La (1 - i^^^fs: + (cos (^))^ L^aVT^^arB^ 

-2 (cos (V-))^ L^aVl - B^Lr + 2 052/^2 gj^ (^) - 52 

+2 L^aVl - 520^^2 - 2 L^aVl - ^2 sin (ip) 0^ + 2 (cos (^))^ L^aVl - ^20^ 

-La^ (1 - B^) sin (V-) Lr^fsT + (cos L^aVl - 52^5^ 

-La^ (1 - 5^) v^G'Z\2 sin (62) -2 (cos (^A))^ L^a (l - 5^) 0^£i^ 

-aB^K^ sin (V^) L^Vl - ^2 - (l - 5^) L v^I^Gzl; sin {6^ ) 

+ (cos L^a (1 - 5^) B,K - La (l - 5^) L^EfsT 

+ (cos {'4>)f L^a (1 - 5^) - a^^/sT sin {i>) L^a, - a^B^K sin (ip) L^Br 

+2 L^a^ (1 - B'^) sin (V^) + aBK sin (?/;) L^a^ - Vl - B^L^aarB^ 

-L^aVl - 52 sin (^) 55^ - L=^a (l - 5^) B^K 



-2 L^aVl - 520^ + 2 Vl - B^LKKr + 2 L^aVl - ^2^^ 
-2 Vl - B'^LcprK'^ - B'^K'^LrVl - B^ 

+ Vl - B^L^aar - 2 Vl - B'^LBB^.K^ - 2 (cos (V^))^ L^aVl - 520,,52 

-a5A'v/^GZ\a sin (^2) Vl - ^2 - L^aVl - B^ sin (7/;) a^E^ 

+2 LWI - 52 sin (7/;) + 2 L^a (l - 5^) (f)^BK + 2 (cos (V^))^ L^aVl - 52X^5^ 

+2 a^E^ir sin (^Z-) ^^L^ - 2 a^BK sin (?/>) ^^L^ - 2 a^E^/sT sin (V-) L^L 

+2 a^E/sT sin (V-) - L^a^VT^^BBr + 4 Vl - B^L(j)rK^B^ 

+2 L^aVl - 52 sin (7/;) 0^5^ - aB^K sin (^) LK^Vl - B^ 

-3 Vl - B^LRRrB"^ - 2 L^aVl - B'^L^B'^) Ei A E3 A 

^ , (-2 (cos(7/'))2 53lV0, + 2 (cos(7/'))^5L3a20, 

+ (cos {i})f B'^L^a^Br + 2 (cos B^L^a^Lr - 2 (cos {i))f BL^a^Lr 

+a (1 - is: sin (V^) LBKr + a (l - fi^) /^fS ^^^^ _ B^i^rK^ 

-aVl - B'^KL^BBr - 2 BL(j)rK^ + 2 BLKK^ + 2 B^L(f)rK^ - 2 B^LKKr 

+a (1 - fsT V^G/ig sin (^2) - fiL V^GZij sin (0^ ) Vl - + 2 B^L^a^cpr 
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-2 (1 - B^) K^^rLB - 2 BL^a^(f)r + (l - B^) K^LBr + 2 BL'^a^U 

+2a\/l - B^K(t)rL^B^ + (cos (ilj))^ B^L^aar + Vl - B^KL^Ur 

+ (cos (^))^ B^LaLrVl - B^K - B^L^aKrVl - B^ 

-2 B^L^a^Lr - aVl-B^Ksin L'^Ur - 2 a Vl - -B^iT sin (V') LrL 

+ (1 - 5^) - B^L^a'^ sin (V') - BLa'^^/A^GA2 sin (^2) Vl - 

+aVl-S2Xsin (i/j) L'^arB^ -2a{l-B^) sin (i/j) (f)rLB + (cos (V'))^ BL^aBrKVl - B^ 

WVl- B^K sin (i/j) LrLB^ - Vl - B^KL^UrB^ + 2 B^L^a^ sin (V') (f)r 

+a (1 - S^) sin (V') L^S - B^L^a^ sin (V') + (l - S^) KLBKr 

+2 aVl - S^Xsin (V') 0^^-^ + BL^aar - B^L^aar - aVl - B^KLLrB^ 

-2 S^L^a^ sin (jjj) 1^ + 2 BL'^a^ sin {'^) + BL^a^ sin (ip) ar - B^L^a^B^ 

-2 (cos (i/j))^ S^L^a^Vl - - S^L^a^ sin (V') X^VT^TB^ 

+ (cos (ilj))'^ B^L'^aKrVl - B^ - (cos {i))f BL^aUr - 2 BL^a^ sin (V-) (pr)Ei A A 

+ ^ , (-'?■ B^KdrL^ + B^KL^Br + 2BK sin (ib) d^L'^a 

-2 B^K sin (i/j) (t)rL'^a - 2 L^a (l - S^) sin (V') 0^^^^ + 2 B^KLLr 
-2 BK sin (V') L^-^^a + La (l - S^) sin (V') L^SX + 2 B^K sin (V') L^-^a 
-SX sin (V') L^a^ + S^X^ sin (V') VT^Tb^ - 2 LVVI - B'^ sin (V') ^r-S^ 

- (cos (V'))^ Vl - B^L^arB^ + 2 L^aVl - B'^ sin (V') L^S^ + 2 (cos (V'))^ Vl - B'^L'^L^a 

- (cos (V'))^ (1 - B"^) L^BrK + B'^Ksm (i/;) L^aBr + S^Xsin (V') LX^VT^TB^ 
+2 (cos (V^))^ (1 - 5^) L^(t)rBK - (cos (V^))^ (l - S^) LLrBK 

+L=^aVl - 52 sin (^/^) 55, + L^a (l - 5^) sin (V') S^isT - (cos (^))^ Vl - B^L^aBB^ 
+2 L^aVl - B^LrB^ + 2 (cos (^))^ Vl - B^L^(l)raB^ 

+L^aVl - B^ sin (z^) a^^^ - L^aVl - B^ sin (V-) a, + La {l - B^) y/J^GAs sin (^a) 

-2 (cos (^))^ Vl - B-^L'^UaB^ + (cos (V-))^ Vl - B^L^Ur 

+2 L^aVl - B^r - 2 L^aVl - B^U + L^aVT^~WBBr + B^K sin {i)) L^Ur 

+2 BK(prL'^ - 2 fi/CLL, + E/sT^ sin (^) LB^Vl^^ + L^a (l - 5^) sin (^) BKr 

-2 U'ayjl - 520^^2 _ (^^Qg (^^^1^)2 _ i:2^j^^ _ 2 L^aVl-^^sin (^) 

+2 LWI - sin (^) 0,-2 E^fsT^ 0,LV1 - 

^BK^^GAz sin (^2) Vl - 5^ _ 2 (cos (V^))^ Vl - B'^L^6ra)E^ AE^AE^ 

sm(^) c os(^) / _ 2 ^ ^ 2 0,L2a52 + 2 ^.lVT^SX + 2 L,La 

V^i^LVr^52V 



-2 ULaB'^ - LrVl - B^BK - L'^aBBr + L^a, - L^a,^^ - LBrK^l - B^ 
-LBKrVl - bAEi AE^AEq 



1 



^L2i^Vl - 52 



- (1 - S^) sin (V') - 2 SL^aL, - 2 Vl - B^KLLrB^ 
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-B^La sin (ip) UVl - B^K - (cos {ipyf B^L^ar - Vl - B^K sin {ip) L^arB^ 
+BLa^/A~^GA2 sin (^g) Vl - B^ + 2 Vl - B'^KLL, - 2 Vl - B'^KcprL^ 



+B^L^aBr + 2 B^L'^aLr + S^L^a sin (i;) KrVl - B^ - 2 B^L^^ 

- (1 - S^) sin (V') LS^ + (cos (V'))^ SL^a^ - (cos {ip))^ B^L'^KrVl - B'^ 
+Vl - B'^K sin (V') L^a^ + 2 Vl - sin (V') L^-^^a + 2 (cos (V'))^ B'^L^cP^a 
+B^L^a^ sin (V') + 2 (cos (V'))^ BL'^Ua + 2 S^L^a^ sin (V') U 

- (cos (V'))^ BL^BrKVl - S2 + 2 (cos (V'))^ S^L^rVl - 

+2 SL=^a^ sin (V') 0r- - 2 (cos (V'))^ SL=^0^a - (cos (V'))^ B^LLrVl - B'^K 
-2 Vl - B^K sin (ip) (prL'^a + B^L^asin (ip) - (l - B^) Ksin (ip) LBKr 
-2 (cos {'ip)f B^L'^Lra - 2 B^L^a^ sin (i/;) (j)r - Vl - B^KL^BB^ 
+2 (1 - S^) sin (V') - (1 - B^) K^^GAz sin (^2) 

+2 BL^a^r - 2 SL^a^ sin (V') + 2 Vl - B^Kcp^L^B^ 

- (cos (^))^ B^L^aBr - BL^a sin (ip) a^^Ei A A Eg, 
Vl - B^La + BK 



GK 



-E2 A A E5, 



-Vl- B^La + BK 

E2 A £4 A Eq, 



GK 



^ (Vl - B^La + BK^ cos (^) A2 cos {62) LaVl - B^ 



LK^ 

+ cos {ip) A2 COS {62) BK + Ai cos {61 ) Vl - B'^lJ E3AE4A E5 
aAs cos (Os) (-V1 - -B^La + SX) sin (V-) 



£/3 A E4 A Eq 



K^ 

jj^ (Vl - B'^La + Sir) - cos (V') /ig cos {9 2) BLa 



+ cos {i)) A2 cos (^2) Vl - B^K - BAi cos {9i)L^E^ A E^ A Eq 
_ (-VT^La + BK) A. COS sin W ^ ^ 

Lir 

where the function S is a function of radial direction r and is determined by the 
SU (3) structure of the manifold. 



and Ei are defined in the following way: 

El = \/Mdr, Ez^K d0i, Ea^ = -K dcpi, E2 = G{dip + Ai cos 6li(i0i + A2 cos 02d(f)2), 
E5 — L sin '^d4)2 + cos ■0c?^2 — a dO^ , Eq — L cos ■0c?02 — sin ■0c?^2 — a d(f)i^ 

(A.2) 
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B. General torsion classes for type II A 



The type IIA torsion classes before geometric transition are given by the following 
expressions: 



-1 



, ^ ^ ( -iL'^GK\.0.rAB -2iL'^AGb^rK'^B + 2L'^AVFlK^B 

+ 2iGL^K cos i!%^^e2,raB'^ - iL^GKb^^e^^raB'^ + iL^Gh^^e^^rKa 
- iL^Gb^^e^,rKaB^ - iL'^Gb^,e,,rK^AB + G'^ByfWlAL^i^i smOiO^ 



+ G^B^/FlBA2sme2L'^ + G^B^/F\AA2 sin ^2^^ + 2GL^K simjjb^,^e2,r cos i^Aa 
+ 2L'^GBK^ - 2iGL^K cos ilj\,e2,ra + iL^GKb^,e2,raL'^K^VF'iGB^ 



fB.ll 



where WiS appearing above are defined in the following way: 
1 



2L^K^ 



— sin ■0A2 cos ^2-^^&(/>ir-a^-B^ — cos 9iAiL^ sin ipbcp^rdB^ 

- sin 1IJA2 cos 621^ K%^^raB'^ - sin ^A2 cos 62L^Kb^^rVl - B'^Ba^ 
+ cos ^1 AiL^ sin ^pb^^rK^/l - B^B - sin V-Ag cos d2LK%^,.'^l - B'^B 
+ sin 'ipA2 cos 62L'^ K'^b^^rO' — 2 LL^K^ + cos OiAiL'^ sin ijjb^^r'^ 



+ sinM2 cose2L%^,ra^ + V^GAs sin^aVl -^^L 



+L'^^/F\GAl sin ^iVl - 5^ + ^F^GAs sin ^2i^Vl - B^ - 2 L^KK, 
1 



2K^Vl " B^L 



A2 cos 02 cos i/jB^KL^a^ - A2 COS6I2 sini/jB^Kb^^eiL^a^ 

-A2 COS 02 sin il)B^K\^e^ + A2 cos ^2 cos i}B'^K^ + 2 L^aB^KAi cos 61 
+A2 COS ^^2-^sin ^Vl- B^ab^^e.K^B^x + A2 cos 021 cos ^pVl - B^aK^B'^ 
-A2 COS 02 COS i)BKL^a^ + A2 cos 621"^ sin^/'\/l - B^a^b^-^g-^ B'^ 
+LV1 - B'^a^ Ai COS OiB^ + A2 cos 021 cos ^Vl - B'^aK^B^ 



— A2 cos 02 cos 4'BKL a + A2 cos 02 sin ^BKb^-^g-^rL a + A2 cos 02 sin ^BK btft^e^ 
-A2 COS 02 COS ipBK^ - 2 L'^aBKAi cos 0i - LVI - B^a'^A^ cos 0i 
- A2 cos 02L^ COS V'Vl - -B2a^ - A2 cos 6*2^^ sin V'Vl - B^a%^0^ 
— A2C0S ^2-^ cos cos ^2-^ sin V'Vl - B^ab^,0^K^ 

1 



2Vl - 



L^arVl - 52 A2 cos ^2 + A2 cos 02B^KWI - B^ 



+L cos ijjB^K Ai cos ^1 - LAi cos ^1 sin ijjb^^e^B^K - L cos ijjBK Ai cos ^1 
— cos — B^L^aAi cos ^1 + L^Ai cos ^1 sin ■^b.^j^j-s/T^^^B^a 
+LAi cos 6*1 sin ipb^^g^BK - Ai cos 6*1 sin ^^j^jaS^Vl - -B^ 
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+ COS ijjL'^aAi cos OiBWI - + A2 cos ^ai-^a^^Vl - 
1 

-BK^ - BKL^a^ + Wl - B^aK'^ + LVI - B^a^) cos 62 sin V'Aa] 



{B^K^ + B^KL'^a'' - LVl^aK^B^ - L^VT^a^B^ 



r(p2 



Vl- B^{Vl- B^La + BK)AiL cos 9^ sin i/jK"^ 

^^ri>e2(t>2 BK"^ - f^rvei</.2 L sin V'^./.z^a Vl - -B^X 



(B.2) 



+ f^r09i</.2 cos V^Vl - B'^K + fir-i/xAiflia -^^fliifi COS - -B^-K" 

-Qrt;e20i cosipBa - Qri,<j,i<p2 LVI - B'^Kh^.^e.^ cos i) 

-^ri,4>i4>2 L\/l- B'^Ksinip - Q^eie2<P2 sin^pb^^r L^Ba 

+^^02^2 h2r sinipb^^g^ BL^a - Q^g^^^^^ Lb^^r sinipb^^g^ Vl - B'^K 

+^ri>e2't>i Lsint/jb^j^ei Vl - B'^K + 2 VLr^i>e24>2 aWl - B'^K 



-\-^ri>4>i4>2 L^Bab^^g^ cosijj - ^fei<t>i4>2 Lb^ir sin ■06</,26»2 Vl - B'^K 
-^r^p<i>i<i>2 Lb^iOi sin ijjb^^g^ Vl - B'^K - ^r^^^4>2 L'^hi^i cosipBa 
+^iljei<t>i<i>2 L^b^^r sin ■0&</>26»2 Ba + 0.^eie24>2 smijjb^^r Wl - B'^K 

+^il^ei<t>i4.2 Lb^ir cosV'Vl - B'^K - Q,r^e2<t>i L"^ sinipb^^g^ Ba + ^Ir^g^^^ L cos ipVl - B'^K 

+2 Jl^e2</'i02 Lb(j)j^r aVl — B'^K + Q^^i 01,^2 L^Bb^^r 

—^rii>024>2 (^L^B + JlrV'6'i</'2 -^^ sin'06,^26'2 -^^ ~ ^Vfif20i sin'^ft^^r L^Ba 

+^^'^201 02 ^</>ir- -B-ftT^ + ^r'ii}eie2 sinipL'^Ba — ft^g^^icf.^ L'^b^^r cosipBa 

+f^rv>0i02 L'^Basm.ip - Q^^e^^g L"^ cos ipB a + Vt^g^g^^^ sin ipb^^r LVT^^Wk 

~^ip02(l>i<i>2 b,j)ir a^BL^ + r2^5)2</>i02 ^021- cosipBL^a 

■ f^rV6'i6>2 COSV' + ^ripei<t>2 ^4)262 COS + ^ripei4>2 sin - ^^r-V6l20i COSlJjb^^g^ 

+^^rV'6'2</'i sin'0 + ^rip4,i(t>2 b(f,ieib<p2e2 cosi/j + f2rV'0i02 ^./-lei sinV' + 0.rip^^<t>2 cosV' 

— f^r?/)</>i</>2 sin -06^202 ~ ^i/ieieac^i COSIpb^-^r — Vt^g^g,^^^ COSIpb^^r + ^V^'i<^i<^2 b<l)irb,j)2d2 cosi/j 



sin ijj + ^^g2(j)i4>2 b(f,2r COS ijjb^^g^ — ^^g24,i4>2 b,f)2r sin 'V' 

1 

+f^ri/.92?i2 COS ^iLG — fi6»i6»2<^'i<^2 sin 
+Vt.,^g^^^ Ai COS 6'iLG COS ip - rirV0i<^2 ^1 COS 9iLG sin -06^2612 
+firve2</.i I/GsinV'Ai cos6'i6^,ei + r^^g, 92.^1 sin ^'^6^^ 
-^^rve20i LGa A2 cos + ^ri,<j>i<t>2 LGb^^g^Ai cos cos t/; 



(B.3) 



^rV'6'16'2 V'^i cos 9iLG — ^rii>ei(t>i ^2 cos 9^ cos ■^LG 

LG — Qrei</)i</)2 LG sin ipb^^g^ 



,2rJ 



- 35 - 



-^ri,<i,i4>2 LGh^^B^Ai cos6'i sm'iph^^e^ + l^rV0i02 LG^2 cos92b^^0^a 
+^^ei62<f>i LsimljG/\i cos9ib^^r - ^-4,e,e2<Pi Lcosi)V-B^^/F\ 



-^^eiOiH VFiLay/l - B'^ + il^ei02<P2 sin ip^i cos 9ib^^rLG 

+^i,ei<t>i4>2 LG A2 cos 62 cos ijjb^^r + ^v-ei^i^a LGb^r cos + ^^ei<t>i4>2 LGb^^r^i cos Oi cos V' 

-f^vei</.i02 LGb^^r^i cos^i sinV'&</,2e2 + ^vei<}!>i<^2 -f/Vl - -B^y^sinV' 

-^^i/'fi</'i02 LGb^r smijjb^2e2 + ^vfi</'i</'2 L\/Y^^W'-\fF'ib<i,^e2 

-^^02<t>i't>2 LGb^^r sin V'Ai cos ^i6</,iei + ^^024>i<t>2 LGb^^rO'A2 cos ^2 

+^^^^20102 ^4>iei\/FiLa\/ 1 — B'^ + il^6»2</>i</>2 LGaAi cos^i6<^^r + ^v^'2</>i<^2 LGab^r 



+f^V^2</>i</>2 ^(piOiV FiBK + ilr6(i6(2</>i sinipLG — O,^d-i_02(t>2 V FiBK 

+^re2'Pi<P2 O'LG + f^rei<i!)i<^2 -^'C cos (B.4) 

WSe^ = /^r9^ f^r-V6>ie2 <^ COS 'i/'Ai COS 6*1 Wl - -B^ + ^^^^102 ^"^2 COS 02b^202LaVl - -B2 

rV'6lie2 G'A2 COS 

rij>eid2 COS 

-fij.^6»i<^i sin-(/'A2 cos6'2\/l - B'^LG - Vtreie2<i)i cos^a/1 - B'^LG 

-^re^e2<t>2 GLay/l - B^ + Q„pei<p2 GA2 cos 62h^.,e2BK 



+Vt^e24>i4>2 hidi Gb^2r COS ^Ai cos 9iL^/Y^~W - i\.^,e2<k^ Ki^i GA2 cos 92La\/l - B^ 

-^^r^e20i b^^g^G A2 COS 92BK + VLe^e2cbi(^2 Gcosipy/l- B'^b^^.,L 

-^^ei(?2</.i<^2 Gb^^rLaVl - B^ + r2rei<^i<^2 Vl - B^LGb^^g^ cosijj 

+^V^'2</>i</>2 b^^Q^Gb^rLayl — B^ + r2^02<^i<^2 ^.^jeiGb^rBK 

-^ei92<i'i<^2 Gb^^rBK + G'Ai cos 6'iLVI - B%^.^g^ cosip 

+^rtpeiif>2 GAi cos 6'iLV 1 — B'^ sin — l^r^gij,/,! ftj^j^iG cos-j/'Ai cos6'iLV1 — -B^ 

+^r^0i</.2 b^^eiGA2 cos 9 2b ^^e^Lay/Y^^W + VLri,4,-^^., b^^e^GAi cos6'iLV1 - -B^ sinV' 

+^rv>0i02 &</,ieiGA2Cos 92b^^e2BK + Vtr^^^^^ b^^g^G Ai cos6'iLV1 - B^^^g.^ coszA 

+^re2^i</'2 b^^e^GLaVl — B"^ + ^r02<t>i(p2 bcp^eiGBK — n^6»i6»2^i Gb^^r A2 cos92BK 

-^^I>die2<t>i Gbfr cosV'Vl - -B^L - Q.^0^e24>i Gb^-,r cos^'Ai cos^iLVI - -B^ 

— ^V^'if2^i G^^</.ir-A2 COS ^2-^aV'l — -B^ — ^^^^1^202 Gb^rLay/l — -B^ 

-^rpeie24>2 Gb^^r^2 cos 92LaVl - -B^ + 9,^ei<i,i<t>2 Gb^r^^l - B'^Lb^^e^ cos V' 

+^^vei</)i<i!.2 Gb^rVl - B^L sin + fl^ei4>i4>2 ^/F\L sin 7pb,f>^0^ 

+J^V^i<)!)i02 GA2 COS 92b(i)^rb<j,2e2BK 

+f^V^i0i02 C^'^ir Ai COS cos + ^ipeicpi(p2 GA2 cos 92b^j^rb4,2e2LaVl — -B^ 

+^^V'ei</'i</'2 Gb^^r Ai cos ^iLVI - -B^sin V' - ^^0-,e2<t>2 Gb^rBK 
+^^V'?i0i<^2 G'sinV'A2 cos6'2Vl - B'^b^rL - fi^eie24>2 Gb^^r^2 cos92BK 

-0^6)^61202 G^^<i!>2r- COsV'Ai COS ^iLVI - -B^ 

+^^Ve2<^i<^2 b^^g^Gb^2r^2 COS 6*2^0^1 - -B^ + hieiGb^2r^2 COS 612 -B A' 
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-^■>pei<pi4>2 Vf\L cos ijj - GBK (B.5) 



1 



+^re2</>i02 ^ ^ii';0ie2<^i cosipB-\/FiL — il^ei6»2</'2 ^/F\BLa 

+^ij9ie2<t>2 VFiVI - B^K + Q,^ei<t>i<t>2 By^Lb^^e^ cosip + 0^^ei<t>i4>2 B^/F\Lsm'^p 

+^^V>e20i02 KGA2 COS ^2^'</>2r + ^'^e24>i4>2 KGb^pr + ^'^e2<t>i4>2 KG^i cos Oib^-^r 

+^V^2</'i</'2 ^</'i6'i \fF\BLa — Q^g2<t>i<t>2 ^<t>idi s/Fiy/l — B^K (B.6) 

wses = /^r9^ flr0i02ci>2 GVi^^W K - n^02<i>^ct>2 b^p^eiGb^^r ^2 COS e2Vl^^B^K 
K^^f hlL-^G L 

+^^i/'S2</>i</>2 bfp^e^Gb^rBLa — ^1^520102 b^p^eiGb^rV i — B'^K + il^g^^^^,^ b^^Q^Gb^^r^2 cos 62B La 

+^6ii 020102 G cosijjBb^^rL — f2e^e)20i02 Gb^^rBLa + Gb^^r^l — B'^K 

-flrfeitf,! smipA2Cos92BLG - Vtre^_e2<t>i cos ipBLG + Qri,9i4>2 GAa cos ^2^0262^-^0 

— f2,.^0je2 G'A2 cos 02^1 — B'^K + Vtr^Q^e^ G cos i/jB Ai cos ^^iL + firV'Sife G^^2 cos 62BLa 

+flripeici>2 GBAi cos ^^iL sin ip + r2r^6ij02 GBAi cos OiLb^^o^ cos 

-^rV'ei02 G'A2COS 6'26<^292V^1 - -^^-^ - ^r^^a^i b^^g^G COS tpBAi cosOiL 

-^rve20i b^^e^G A2 cos 6'2fiLa + ri,.,0020i b^-^e^G A2 cos 6*2^1 - ^^iT 
+firV0i02 b^^e^GBAicos 6iLb^2e2 cosip + firV0i02 b^^-^e-^GB Ai cos6iLsuii) 

+f^rV'0i02 ^01^1 G'A2 cos 62b^.20.2BLa — Vlr^^^^.^ b^^g-^G A2 COS^^2&026»2 ~ -B^-K" 

-f2,,0j9202 GfiLa + rirei0i02 BLGb,p.^g.^ cos + f]rei0i02 BLGsinip 
+^r020i02 b^^g^GBLa — f2r6'20i02 

-^^^61^201 G'^0ir cos^EAi cos 6*1^ - f2^(?i(?20i Gb^^rA2 cos 92BLa 

+^^V9ie20i Gb^^r^2 COs62\/l^^B^K - ^^g^g^^^ Gb,pr COS ipBL 

-^^peie2<t>2 Gb^^r cos ipB Ai cos 6'iL + fl^gig^ct>2 Gb^^r^2 cos 6*2 Vl - -B^X 
~^Vfif202 Gb^rBLa + fi^6>i6>202 Gb^r^l — B'^K 
-^^^^1^202 Gb^2r^2 COS 92BLa + fivei0i02 <^ sin V'A2 cos 92Bb^^rL 
+f^vei0i02 Gb^^rB Ai cos OiLb^^Oi cos V' + f^vei0i02 Gb^^rB Ai cos ^iL sin V' 
+^^V^i0i02 Gb^rBLb^g^ cos ijj + $1^^101 02 Gb^rBL sintp 

+^^i/)ei0i02 G'A2 cos 62b,f,^rb(j)202BLa — Q^ei0i02 G'A2 cos ^2^'0ir^02 

+^^^201 02 b^^g^Gb^^r cos -0-6 Ai cos^iL - 1^^^20102 V^-^ (B-7) 
where Qyfe; are now given by the following components: 

^^r-vei02 = GLKrSin'i/jB'^ + GrLb^^g^K siniib^^g^ - GrLb^^g^K siu'i/jb^^g^B'^ 

+GLb^j^gj^Kr Sm Ipb^^g^ — G Lb ^^g^^rK COS Ip — GrLK COS ipb^^g^ 
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—GLbtf,j^g-^Kr sin ipb^^e^B"^ + GLrb^j^e^^K sin ipbtp^g^ + GLrK sintpB^ 
—LGA2 cos 9 2b (p^rbcpiBiK sin + LGb^j.K sin ifjbfj^^Q^ + LGb^„.K cos if) B"^ 
—LGA2 cos 92b(f,2rK COS -0 + LG A2 COS 92b(f,^rK COS -0-6^ — LGb^rK sin ipb^^e^B'^ 
—LGAi cos 9ib^^rK cos + i^GAi cos 9ib^^rK cos ■^S^ — GLb^^Oi,rK sin t/jb^r^o^^B^ 
+GLb^^e^K sin 'iljb^^02,r + GrLK sini/jB'^ — GLj-b^j^OiK sin i/jb^^e^B^ 
+GLb^^ei,rK sin ijjb^^e2 - GrLb^^eiK cos i/j - GLK cos tl^b^^e^.r 
-\-GLK cos'^b^20^,rB'^ + GLb^j^Oi^r cos ipB^ — GLKj. cos ipb^r^e^^ 
+GLKr cos ijjb^^g^B^ — GLr-fC cos ■0&<^2f2 + GLrK cos 'il)b^^e^B'^ 
—GLb^^OiKrCost/j + GLb^^e^^rK cost/jB^ + G r LK cos '^b(i)^0^B'^ 

+GLb^-^0-^.rK costjjB'^ — GLb^-^0-^K sinip-^b^^e.^B'^ + G r Lb ^^q^K cos ipB^ 

(Jjl 

-GLrb^,e,Kcosij + LVI - B^VfIK sinip - LVI - B^^/Plb^.e^K sin^b^^e^ 

-LVi - B^BGAi cos 9ib^^r sinil^b^^g^a + LVI - B'^^/Wlb^^g^K cosip + 

GrL'^Vl — B'^b^^Oj^B a sin ijjbij)2e2 + GrL'^Vl — B'^B cos ijjb^^o^a 

—GrL'^Vl - B^^^o^B a COS i/; — GLb^^eJx ?,mipb^^e2BBr 

— L^Vl — B'^GbfrBa sin 'il^b^^e2 + -^^Vl — B'^Gb^rb^t-^^diBa sin ijj 

+LVi - B'^Gb^rb.p^eiBa cos 'ijjb^,e2 + LVI - B'^BGAi cos ^ifc^ir COS'^a 

+L^-\/l — B'^G A2 cos 92b,p^rb4,j^eiBa sinijj + L^Vl — B'^G A2 cos 92b^^rBa costf) 

+lVi - B^Gb^rBa cos ip + LVI - B^VWlK cos ijjb^^e2 

—GLKr sin t/j + GLK cos il)b(f,^e^BBr 

+GLK sin ijjBBr + 2 GL^Vl - B%^e,BLa sin i^b^^e2 

+GLb^,eiK cos i^BBr + 2 GL^Vl - B'^BLa sin ^jj 

+2 GLrVl - cos #^202 La -2GLrVl - B^^e^B La cos i/j 

+GL'^b(p-^e-^ Bra sin ipb^^e^ Vl — B'^ — GL^K sin -0 

+GL%(f,-^0-^Bar sin ipb(f,,^0,^\/ \ — B^ — GL^b^-^e^^j-Ba cos ■(/'Vl — B"^ 

+GL^Bar sin -0^1 — B^ + GL'^b^-^g^^^j-Ba sin^b^.^g^Vl — B^ 

+LG Ai cos 9ib(j,^rK sin ^Jb^^g^ — LG Ai cos 9ib^^rK sin ipb^^g^B'^ 

^-LGb^rb^^g^K sinip — LGb^rb(t,i9iK sinipB"^ 

+GL^Bra sin -0^1 — -B^ + LGb^j.bij)^g^K cos ipb^^g^ 

-LGh^-rb^-^g^K cos ipb.p^^g^^B'^ + LG A2 cos 92b ^^rb (jt^g^K sin ijj 

+GL^Br cos ipb^^g^aVl — 5^ + GL^B cos ipb^^g^^r'i'^^ — B"^ 

—GL'^b^-^g-^Bracosi/jVl — -B^ — GL'^b^p^Q^Ba^ cos'0\/l — -B^ 

+GL^B cos i/jb,p202^rVl — B'^ + GL^b^-^g-^Ba sin il^b^^g^^r^ 1 — B"^ 

-GL cos ipb^rK + GrL'^Vl - B'^Ba sin ip - GrLK sin ip 
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GrBL^a' + GBrL^a^ + 2 GBLa^U + 2 GBL'aar 
+GrBK^ + GE./^^ + 2 GBKKr - GAi cos O^L^hs^rBa sin 



+G'Ai cos OiLh^^r^l - B^K sin 

- — GrLK cos ipB^ - GLKr cos -05^ + GL^K cos 

—GLrK cos^'B^ — GrLh^^e^K sinil) + GrLh^^e^K sinifjE"^ + GLh^^Oi^rK sitiiIjE'^ 
—LGAi cos ^^i6<^-^r-ft'sin'?/' — GL sin-i/'fe^jeLr-f^ — LGb^rK s'm-ip + LGb^rK sin^B"^ 
+LGb^rbif)ieiK cosipB'^ + LG Ai cos Oib^^rK sinipB'^ + GrLK cosip + GLKr cosip 
-G^LVI - B^B cos - G^LVI - B%^^e^Ba sin 
-GL'^Br cos i^aVl - _ ^'L^E cos ^/^a^Vl - ^2 



rtp92 



—GL'^b^-^g-^Bra sin^Vl — B"^ — GL'^b^^Q^Bar sm.ip\/l — B"^ 
-2 GLr\/l - B^B cos ijLa -2GLrVl - B%^^g^BLasmip 
-GL%^^e,,rBa sin V'Vl - 5^ _ ^/FlKy/l - B^L cos ip 
+GLb^,eiKsimljBBr - GLKcosipBBr + LVI - B'^Gb^rBasin^p 
+LVi - B^BGAi cos ^i6<^i^ sin V'o + LVI - B'^y/flb^^e^ K sin V' 
— L^Vl — B'^GbiprbcpiOiBa cos — GL^ sin tpb^-^e-^K + GLb^^e^Kr sin ■^S^ 
+GLrb^^e^K sin ipB^ — GLb(j)j^g^Kr sin ip — GL cos ipb^rKb^^Oi 
1 

+LGb^rK sin — LGb^rK sin tpB'^ — GrLK cos ip — GLKr cos ip 
-G^LVI - B^B cos ipa - GL^Br cos ipaVl - B^ 



GrLK cos ipB'^ + GLKr cos ^B^ - GLrK cos ^ + GLrK cos ipB"' 



-GL^B cos ^pGrVl - 52 - 2 G—LVl-B^B cos tpLa 

dr 



d 



+VFIKVI - B^L cos ijj + GLK cos tpBBr - GLK sin tpb^.e^B—B 

dr 

+2 GLrVl - B'^BLa sin ijjb^^g^ + G^LVI - B'^Ba sin ipb^^e2 

—GrLK sinipb^^g^B^ + GL^K sin tpb ^^02 ~ GLrK sinipb^^e^B'^ + GLKr sin tpb^^e^ 



-GLKr sin 



.e^B^ + GLK sin 



GLK sin ^pbt^^e^^rB'^ + GrLK sin ipb^^Or^ 



+GL^Ba simjjb(i)^g^^rVl — B"^ + GL^Bra sin ^b(f,,^g,^V I — B"^ 
+GL^Bar sin^b(f,.^g^Vl — 5^ + L^Vl — B'^Gb^rBa sinip 



^rtl}02 (t>2 



+LG A2 COS 92b^2rK sin ip + LGb^rK cos ipb^^e^ + L^ yl^^lPG A2 cos 92b^^rBa sin ip 
-\-L'^VI — B'^Gb^rBa cos ipb(f,2e2 — LVI — B'^^fWlK sin ipb ^^02 
—LGA2 cos 92b(f,2rK sin i/jB^ — LGb^rK cos i/jbcf^^e^B"^ 
— L — GrBL — GBrL 

-2 GBLr + GA2 cos Oib^^rBLa sin ijj + GA2 cos 92b^^rVl - B^K sin ijj 
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-1 



- G^LVI - B'^Ba sin ijj 



-GrLK sin + G.^^^^ sin ^fi^ - GL^E^a sin^'Vl -^2 
-2 G UVT^^B La simp - GL"^ Bar sin^-Vl - ^2 
+GLii' sin ^/^^^^ - GL/sT^ sin t/- + GLKr sin z/'B^ - GL^iT sin 
+GLrKsm'iljB^ - LVI - B^Gb^rB a cos — GL cos tph^rK 
+LGb^rK cos V'S^ + Wl - B^VfIK sin 

^ ^GBbs,rVT^^^2 sin ^2^^a^ + GBbs,rVl - B'^A2 sin ^2^^^ 



S2 



+GA2,r cos 92b^^e2K^BVl - B'^ + GA2 cos Q^b^^e^^rK^B^/l - 52 
+2 GA2 cos 92b^^e2KBKrVl - B^ + GA2 cos 92b^^g,^K^BrVl - B^ 
+GAi_r cos OiBL^ cos ipbfj^^e^ay/ 1 — B'^ + GAi cos OiBj-L^ cos ipb^ft^e^aVl 
+2 GAi cos ^iSL cos ipb^^e^aLry/ 1 — B"^ + G^ Ai cos 9iKL cos tpbcft^e^B"^ 
+GAi cos OiKLj. sin ■^S^ — GAi cos OiKLj. cos tpb^^02 + cos OiKLj. cos tpb^^o^B^ 
— GAi cos ^iXL cos ■0^(/)26'2,r- + cos ^iXL cos t/jb^^e^^rB^ 
— GAi cos OiKrL cos ■0^'</>26»2 + G^^i cos OiKrL cos t/jb,f,^0^B^ 
-GAi^r COS sin V' + GAi,^ cos sin V'-B^ 
— GAi cos OiKrL sin + GAi cos OiKrL sin ■^S^ 
— GAi^r cos ^iXL cos tpb^^e^ + GAi^^ cos ^iXL cos '^b^^e2B'^ 

-G^ Ai cos sin ^ + ^^GAi cos OiKL sin 

ar 

— Gr Ai cos 61KL cos ipb^^e^ + GAi cos OiBL^ cos ipb^^Q^^rO^^ ^ — B"^ 



r9i924>2 



+GAi cos ^iSL^ cos #<i,0,a^Vl - B^ + 2 GA2 cos e2b^^0^BLa^Lr\/l - B^ 
+2 GA2 cos e2b4,^e2BL^aar\/l - B'^ + GAi,^ cos diBL^ sin V'oVl - B"^ 
+GAi cos ^iS^L^ sin V'oVl - ^2 + 2 GAi cos ^iSL sin V'oL^Vl - 5^ 
+GAi cos ^iSL^ sin V'o^Vl - ^2 + GAa,^ cos ^2^0262 ^^^oVl - ^2 
+GA2 cos e2b^^e2,rBL'^a^Vl - B^ + GA2 cos ^2&02e2^r-i^^aVl - ^2 
+GAi cos sin ijjBBr + GAi cos 9iKL cos tpb^^e^BBr 
+GrVl - S2Ai cos ^iSL^ cos V'&02e2a + G^Vl - S2A2 cos ^2&</>202^^^a^ 
+GrVl - S2Ai cos OiBU" sin V'o + G^Vl - S2A2 cos 02b^^0^K^B 
-GAi cos OiKLr sin + GBb^^rVl - B^L'^ Ai sin ^i] 

^ - GrL A2 COS 92K sin V' + GrLA2 cos 612-?^ sin ipB'^ 

—GLr A2 COS 62b^^eiK COS ip + GL,. A2 cos 92b^^Q^K cos ipB'^ 
-GLr A2 cos e2K sin ip + GL^ A2 cos e2K sin ipB'^ 
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ft 



-BGh^^r\/l - S^L^Ai sin Oi - BGb^^rVl - B^A2 sin 92K^ 
—BGb,i,-^,.Vl — -B^ A2 sin — GLA2 cos^^2^0i6»i-^r cos-^ 

+GLA2 cos 92b,f,^e^Kr cos — GLA.2,r COS ^2^ sin -0 
+G'LA2,,. cos e2K sin -0-6^ + G'rLA2 cos 02b^^0,K cos i/jB^ 
-GL A2 cos e2Kr sin V' + G'LA2 cos e2Kr sin i/jB'^ 

—GLA2 cos 92b(i,^ei,rK cos + GLA2 cos ^2&(^i6»i,r-f^ COS V'-B^ 

— GLA2,r COS 92b^^e^K cosip + GLA2,r cos 92b^^0iK cosi/jB^ 



—GrL A2 COS 62bs,eiK COS ip — GL^Vl — B'^Ai cos Oib^ q^B 

dr 

+GrL^Vl — B'^A2 cos 62B sinipa — GrL'^Vl — B'^A2 cos d2b^-^0-^Ba cosip 
-2 GLr^l - B'^Ai cos Oib^^e^BL + 2 GUVl - B^A2 cos ^2^ sin i^La 
-2GLrVl - B^ A2 cos e2b^,e,B La cosip + GLA2 cos 92KsmipBBr 
+GL A2 cos92b^^eiK cosipBBr - GL^Ai,^ cos9ib^^g^BVl - B"^ 
-GL^ Ai cos 9ib^^0^,rBVl - B^ - GL^A^ cos 9ib^,0^BrVl - B^ 
—GL^A2,r COS ^2&0i6»i-Ba COS ijjVl — -B^ — GL^ A2 cos 92b^-^ei,rBa cos — -B^ 
— GL^ A2 cos 92b^^g^Bra cos ■^Vl — -B^ — GL^ A2 cos 92b^^o^Bar cos ■^Vl — -B^ 
+GL'^A2,r cos ^2^ sin V'aVl - + GL^ A2 cos ^2^^ sin V'oVl - 
+GL^ A2 cos ^2^ sinzA^aVl-S^ 



, G^Vl - 52 A2 cos 92BL'^a^ + G^Vl - S2Ai cos ^iSL^ cos -00 

+G'^Vl - S2A2 cos ^2i^^5 - G,, Ai cos 9iKL cos ip + G^Ai cos 9iKL cos il^B^ 
+GA2,r COS 92BL'^a^Vl - B'^ + GA2 cos ^a^^i^^aVl - B"^ 
+2 GA2 COS 92BLa^LrVl - B'^ + 2 GA2 cos 92BL^aarVl - B^ 



+GAi^r COS 9iBL^ cos i/javT—B^ + GAi cos9\Brf.L COS 



+2 GAi cos ^iSL cos i^a—LVl - B^ + GAi cos 9iBL'^ cos V^a^Vl - B^ 

dr 

+GA2,r COS 92K^B%/1 - 52 + 2 GA2 cos 92KBKrVl - 52 

+GA2 cos 92K^BrVl^^ - GAi^r COS ^iXL COS V' + GAi,^ cos ^iXL cos V'S 

— GAi cos 9iKrL cos + GAi cos 9iKrL cos V'-B^ 

-GAi cos 9iKLr cos ip + GAi cos 9iKLr cos ipB'^ + GAi cos 9iKL cos iIjBB. 
1 

+G^LA2 cos ^2^^ cos V-S^ - G^LVi - S2Ai cos 



- G^L^Vl - -B2A2 cos 6*2^0 cos -0 - GrL A2 COS 6*2 -f^' COS -0 



-2 GL^Vl - 52 A2 cos 6'25La cos t/^ - G—L A2 cos 6'2ii' cos 

or 
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n 



ll}0102<f>\ 



^1pdi(j)i4)2 
^1p92(t>l<p2 

^eie2<t>i(t>2 



+GLr.A2 COS COS ^B^ - 2 G-^LVI - B^Ai cos OiBL 

dr 

-GL^ /\2,r cos e2Ba cos V^Vl - 52 - GL^ A2 cos ^s^^a cos V^Vl - ^2 

— GL^ A2 cos 6*2 -BOr COS IpVl — B^ — GL/\2,r COS ^^2-^ COS 

+G'LA2 r COS 6'2-ft' COS V^i?^ + GL A2 cos 6'2-ft' COS ipBBr - GL A2 cos 6'2-ftrr cos ?/; 



+GLA2 COS e2Kr COS - GL^ Ai r COS O^bVi^^ 



-GL^Ai cos0i5,Vl -52 



GAi cos 61LB cos -i/^La — i?La sin ipb^j^^g^ — KVI — B"^ cos t/' 
+Vl — i?2if sin '?/'6<)!,26i2 

GLA2 cos 02-B cos ipLa + h(j,^o^BLa sinip + fe^^eiVl — B'^Ksinip 
-KVl - 52 cos 



-GAi cos ^iL sin ^5La - Vl^^K 
GLA2 cos ^2 sin V^SLa + Vl - ^27^ 
GBL^Ai sin + A2 sin ^2^^a2 + A2 sin ^2^^ 



Once we have all the components, we can plug this in the susy constraint equations 
( p.22|) and get the additional relations between the parameters introduced in 



Together with ( p.l5| ) we can finally write the precise susy backgrounds in the chain 
of geometric transitions. 



(B.8) 
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